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Abstract. We prove that the classical map comparing Adams’ cobar construc-

tion on the singular chains of a pointed space and the singular cubical chains
on its based loop space is a quasi-isomorphism preserving explicitly defined

monoidal E∞-coalgebra structures. This contribution extends to its ultimate

conclusion a result of Baues, stating that Adams’ map preserves monoidal
coalgebra structures.
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1. Introduction

For any topological space X, its complex of simplicial or cubical singular chains
S(X) – regarded as a differential graded (dg) abelian group – encodes the homology
of X in its quasi-isomorphism type. More homotopical information can be stored in
the quasi-isomorphism type of this chain complex if considered as a (coassociative)
coalgebra, which we will denote SAs(X), where the coproduct comes from a natural
choice of chain approximation to the diagonal X → X × X. For instance, the
cohomology ring of X is retained, but the action of the Steenrod algebra on its
mod p cohomology is not.

In Mandell’s seminal work [Man06] it is shown that, when X is nilpotent and
finite type, the entire homotopy type of X can be encoded in the quasi-isomorphism
type of this complex if considered as an E∞-coalgebra, a structure providing SAs(X)
with coherent homotopies witnessing the derived cocommutativity of the coproduct
coming from the strict symmetry of the diagonal map.

The first contribution of this paper is to explicitly endow the cubical singular
chains of the based loop space ΩxX, with the structure of a monoidal E∞-coalgebra
extending the Serre diagonal. More specifically, we verify that the monoid structure
induced on S�(ΩxX) by the concatenation of loops is compatible with a natural
E∞-coalgebra structure on cubical singular chains, similar to the one defined in
[KM22].

Applying Adams’ cobar construction to the coalgebra of simplicial singular chains

of (X, x), one obtains another monoidal algebraic model Ω S4As(X, x) of ΩxX [Ada56].

More precisely, Adams constructed a natural monoidal chain map θ from Ω S4As(X, x)

to S�(ΩxX) and proved it to be a quasi-isomorphism if X is simply-connected, a
statement that also holds true for path-connected spaces after [RZ18]. The model

Ω S4As(X, x) is smaller than S�(ΩxX) and unlocks effective analysis of quantitative
and qualitative properties of ΩxX, as illustrated for instance in [AH56] and [FHT92].

The second main contribution of this paper is to make Adams model into a
monoidal E∞-coalgebra and to prove that

θ : Ω S4As(X, x)→ S�(ΩxX)

respects this higher structure. Although not pursued in the present article, we
remark that the explicit nature of our E∞-extension invites the study of primary and
secondary operations for loops spaces using Adams’ model and the tools developed
in [KM21], [Med20b], [BMM21], and [Med21a].

Our starting point is groundbreaking work by Baues, which imply statements
similar to those in this work but in the category of (coassociative) coalgebras.
Baues reinterpreted Adams’ algebraic construction at a deeper geometric level

[Bau98], which allowed him to endow Ω S4As(X, x) with the structure of a monoidal
coalgebra, and to show that θ preserves this structure. To prove our statement we
interpret Adams’ construction at an even deeper categorical level. We interpret
Baues’ geometric cobar construction, originally defined for 1-reduced simplicial sets,
as a functor


 : sSet0 → MoncSet,
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from the category of 0-reduced simplicial sets to that of monoidal cubical sets. The
key difference with Baues’ original work is the use of connections to obtain a natural
construction before geometric realization.

Additionally, we need a suitable model of the E∞-operad endowing cubical chains
with a natural E∞-coalgebra extending the Serre diagonal. For this we take the
operad U(M) introduced in [Med20a]. After proving that its coalgebras form a
monoidal category, we show that the functor N�

U(M) : cSet→ coAlgU(M) – defined

in [KM22] with a different sign convention – is monoidal. This allows us to construct
the following extension of Adams and Baues’ structures.

Theorem. The following diagram commutes up to natural isomorphisms:

MoncoAlgU(M)

MoncSet MoncoAlg

sSet0 MonCh,

N�
U(M)

N�
As

Ω N4As




where the unlabeled arrows are forgetful functors.

In the diagram of the above theorem, the arrow from sSet0 to MonCh is Adams’
cobar construction, the one from sSet0 to MoncoAlg is Baues’ enhancement, and

the one from sSet0 to MoncoAlgU(M)
is our lift. Additionally, we prove the following

statement about Adams’s map.

Theorem. For any pointed space (X, x),

θ : Ω S4As(X, x)→ S�(ΩxX)

is a quasi-isomorphism of monoidal U(M)-coalgebras.

The fact that θ respects the monoid structure in Ch was proven by Adams,
whereas the compatibility of the monoid structure with the Serre coalgebra structure
was established by Baues. Our contribution is the compatibility of the monoid
structure with a full E∞-coalgebra extension of Serre’s coalgebra. We also remark
that, whereas both Adams and Baues worked in the setting where the underlying
space is simply connected, the above theorem does not require any connectivity or
finiteness hypotheses.

Related work. Kadeishvili [Kad99; Kad03] explicitly described monoidal cup-i

coproducts on Ω N4As(X) extending Baues coalgebra. Kadeishvili, as Baues, used
cubical methods to define these coproducts and to compare them, in the 1-connected
setting, to cup-i coproducts extending the Serre coalgebra structure on the cubical
singular chains of the based loop space. Additionally, there are several papers
[Smi90; Smi94; Smi00; KS98] that predict the existence of, but do not construct, an
E∞-structure on the cobar construction on the chains of simply connected simplicial
sets.

On the dual side, Fresse [Fre03] provided the bar construction of an algebra over
the surjection operad with the structure of a comonoid in the category of algebras
over the Barratt–Eccles operad. Additionally, in [Fre10] he used a model category
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structure on reduced operads [BM03; Hin97] to iterate the bar construction on
algebras over cofibrant E∞-operads.

The use of coalgebras instead of algebras allows us to relate the cobar construction
to the based loop space directly –via the Adams map– without imposing restrictions
on the underlying homotopy type, as done by Fresse. Furthermore, by grounding
our approach on the cubical perspective at the heart of Adams’ and Baues’ seminal
papers, we are able to preserve the natural monoidal structures when defining our
E∞-enhancements.
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2. Conventions and preliminaries

2.1. Coalgebras. Throughout this article k denotes a commutative and unital ring
and we work over its associated symmetric monoidal category of (homologically)
graded chain complexes of k-modules (Ch,⊗,k).

A coalgebra consists of a chain complex C and chain maps ∆: C → C ⊗ C and
ε : C → k satisfying the usual coassociativity and counitality relations. Denote by
coAlg the category of coalgebras with morphisms being structure preserving chain
maps. The category coAlg is symmetric monoidal, with braiding induced from Ch
and structure maps of a product C ⊗ C ′ given by

C ⊗ C ′ ∆⊗∆′−−−−→ (C ⊗ C)⊗ (C ′ ⊗ C ′) (23)−−→ (C ⊗ C ′)⊗ (C ⊗ C ′),

C ⊗ C ′ ε⊗ε
′

−−−→ k⊗ k
∼=−→ k.

A coaugmentation on a coalgebra C is a coalgebra map ν : k→ C. A coalgebra is
said to be coaugmented if it is equipped with a coaugmentation. We denote by coAlg∗

the category of coaugmented coalgebras with morphisms being coaugmentation
preserving coalgebra maps. A coaugmented coalgebra is a connected coalgebra if it
is 0 in negative degrees and the coaugmentation induces an isomorphism k ∼= C0 of
k-modules. We denote by coAlg0 the full subcategory of coAlg∗ defined by these.

2.2. Monoids. A monoidal object in a monoidal category (C,⊗,1) is an object
M together with morphisms µ : M ⊗M →M and η : 1→M satisfying the usual
associativity and unital relations. The category of these together with structure
preserving morphisms, referred to as monoidal morphisms, is denoted MonC. We
remark that a lax monoidal functor C→ C′ induces a functor between their categories
of monoids MonC → MonC′ . For example, the forgetful functor from coAlg to Ch
is monoidal and so, it induces a forgetful functor from monoidal coalgebras to
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monoidal chain complexes, which are more commonly known as bialgebras and
algebras respectively, but this terminology is not well suited for our purposes.

2.3. Simplicial theory. The simplex category is denoted by 4 and its objects by
[n]. The morphisms in 4 are generated by coface maps, denoted by ∂jn : [n−1]→ [n]
for 0 ≤ j ≤ n, and codegeneracy maps, denoted by ξjn : [n+1]→ [n] for 0 ≤ j ≤ n+1.
These satisfy the usual cosimplicial identities. For simplicity, we omit the subscript
in the notation when there is no risk of confusion and simply denote these maps by
∂j : [n− 1]→ [n] and ξj : [n+ 1]→ [n].

The category of simplicial sets Fun(4op,Set) is denoted by sSet and the standard
n-simplex 4(−, [n]) by 4n. For any simplicial set X we write, as usual, Xn instead
of X[n], and identify the elements of 4nm with increasing tuples [v0, . . . , vm] where
vi ∈ {0, . . . , n}.

If X is such that X0 is a singleton set we say that X is reduced. We denote the
full subcategory of reduced simplicial sets by sSet0.

We consider the topological n-simplex �n embedded in Rn+1 as

�n = {(x0, . . . , xn) ∈ Rn+1|x2
0 + · · ·+ x2

n = 1}

so that the i-th vertex is given by the standard basis vector vi = (0, . . . , 1, . . . , 0) ∈
Rn+1 with 1 in the i-th entry and 0 in all other entries. Consider the usual adjunction
pair formed by the geometric realization and singular complex

| | : sSet Top :Sing4,

determined by the spaces �n and usual coface inclusions δi : �n−1 → �n and
codegeneracy projections σj : �n → �n−1.

The functor of (normalized) simplicial chains N4 : sSet→ Ch is defined on any
simplicial set X by first considering the chain complex (k[X], ∂), given on degree n
by the free k-module generated by the n-simplices of X with differential given by
the alternating sum of face maps, and then modding out by the sub-chain complex
of degenerate elements. We remark that this functor is naturally equivalent to the
composition of the geometric realization functor and that of cellular chains with
respect to the standard CW structure. When no confusion arises from doing so
we write N instead of N4 and refer to it simply as the functor of chains. We will
denote the functor of (simplicial) singular chains N4 ◦ Sing4 : Top → Ch by S4,
where Sing4 : Top → sSet denotes the singular complex functor. We modify this
construction for a pointed topological space (X, x) by only considering maps �n → X
sending all vertices to x. This produces a reduced simplicial set Sing4(X, x) whose
normalized chains we denote by S4(X, x).

We now recall a classical chain approximation of the diagonal map on the chains
of a simplicial set, i.e. a lift of the functor of chains to coalgebras:

coAlg

sSet Ch.N4

N4As
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It suffices to define this functor N4As on standard simplices. For any n ∈ N, define
∆: N(4n)→ N(4n)⊗2 by

∆
(
[v0, . . . , vq]

)
=

q∑
i=0

[v0, . . . , vi]⊗ [vi, . . . , vq]

and ε : N(4n)→ k by

ε
(
[v0, . . . , vq]

)
=

{
1 if q = 0,

0 if q > 0.

We referred to this lift as the Alexander–Whitney coalgebra structure on simplicial
chains.

If X is a reduced simplicial set then N4As(X) becomes a connected coalgebra
with the coaugmentation ν : k→ N4(X) induced by sending 1 to the basis element

represented by the unique 0-simplex of X. Hence, the functor N4As restricts to a
functor

N4As : sSet0 → coAlg0.

2.4. Cubical theory. We include an abridged presentation of cubical sets parallel
to the our treatment of simplicial sets in the previous section. For more details we
refer the reader to any of [GM03; KM22; FMS23].

The cube category (with a connection) � is the subcategory of Set whose objects
are 2n = {0, 1}n for n ∈ N with 20 = {0}. We will denote 21 by 2 and 20 by 1,
which is the unit of the monoidal structure of � given by 2n × 2m = 2n+m. The
morphisms of � are monoidally generated by

(1) 1 2 2× 2

δ0

δ1

σ γ

defined by

δ0(0) = 0, δ1(0) = 1, σ(p) = 0, γ(p, q) = max(p, q),

for p, q ∈ {0, 1}. We remark that the cube category without connections will not be
considered in this work.

The category of cubical sets Fun(�op,Set) is denoted by cSet and the standard
n-cube �(−, 2n) by �n. For any cubical set Y we write, as usual, Yn instead of
Y (2n). The monoidal structure on � induces one on cSet. More explicitly, for two
cubical sets we have

(Y × Y ′)n =
⊔

i+j=n

Yi × Y ′j .

Consider the monoidal functor � → Top defined by assigning 2 to the usual
interval I1 and (1) to the continuous maps

I0 I1 I2,

δ0

δ1

σ γ
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where δi and σ are the canonical cubical co-face and co-degeneracy maps, respectively,
and γ(s, t) = max(s, t).

From this functor we obtain the usual adjunction pair formed by the geometric
realization and singular complex

| | : cSet Top :Sing� .

Notice that Sing� is lax monoidal

(In → X)× (Im → X′) 7→ (In+m → X× X′).

The functor of (normalized) cubical chains N� : cSet→ Ch is the unique monoidal
functor defined by assigning to �1 the usual cellular chains of the interval I1.
Explicitly, it is defined on any cubical set Y by first considering the chain complex
(k[Y ], δ), given on degree n by the free k-module generated by the n-cubes of Y
with differential δ given on any n-cube y ∈ Yn by

δ(y) =

n∑
i=1

(−1)i
(
Y (idi−1

2 × δ1 × idn−i2 )(y)− Y (idi−1
2 × δ0 × idn−i2 )(y)

)
,

and then modding out by the sub-complex of degenerate cubes. When no confusion
arises from doing so we write N instead of N� and refer to it simply as the functor
of chains. We remark that N� is naturally equivalent to the composition of the
geometric realization and cellular chains functors with respect to the canonical CW
structure. We will denote the functor of (cubical) singular chains N� ◦ Sing� : Top→
Ch by S�.

Since N(�1) is a coalgebra and the category of coalgebras is monoidal, there is a
unique monoidal functor N�

As lifting the functor of chains

coAlg

cSet Ch.N�

N�
As

We refer to this lift as the Serre coalgebra structure on cubical chains, and to the
coproduct ∆ as the Serre diagonal.

3. Adams’s model of the based loop space

In this section we revisit Adams’s classical cobar construction as a model for
the based loop space. A deeper exploration of Adams’s comparison map from the
cobar construction of the simplicial singular chains on a space to the cubical chains
on the based loop space naturally leads us to the framework of necklical sets, a
notion related to both simplicial sets and cubical sets. We use this framework to
construct a functorial cubical model for the based loop space. Similar constructions
and results may be found in [Bau80], [Ber95], [Bau98], [DS11], [GKT20], and [RZ18;
RS19].
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3.1. The based loop space. The path space functor

P : Top→ Top

assigns to X the space

P (X) =
{
α : [0, r]→ X | α continuous and r ∈ [0,∞)

}
equipped with the compact-open topology. For any x, x′ ∈ X the subspace P (X;x, x′)
consists of those paths starting and ending at x and x′ respectively. The points of
P (X) are often referred to as Moore paths on X. We will think of this construction as
a functor on bipointed spaces in the obvious way. There is a composition structure

P (X;x, x′)× P (X;x′, x′′)→ P (X;x, x′′)

(α, β) 7→ α · β
(2)

given by concatenation of paths with addition of parameters, whose identities
are constant paths with r = 0. We may assemble this data into a topologically
enriched category P(X) that has the points of X as objects, the spaces P (X;x, x′)
as morphisms from x to x′, concatenation of paths as composition, and constant
paths with r = 0 as identity morphisms.

Denote by Top∗ the category of pointed topological spaces, which we think of as
a full subcategory of that of bipointed spaces in the obvious way. The based loop
space functor

Ω: Top∗ → MonTop

associates to a pointed space (X, x) the space

ΩxX = P (X;x, x)

of loops in X based at x with the monoid structure induced from the composition
structure (2).

Since Sing� is lax monoidal, Sing�(ΩxX) is a monoid in cSet, and, since N� is
monoidal, S�(X, x) is a monoid in Ch.

3.2. The cobar construction. We now describe an algebraic analogue of the
based loop space introduced by Adams [Ada56]. The cobar construction is the
functor

Ω : coAlg∗ → MonCh

defined on objects as follows. Let (C,∆, ε, ν) be a coaugmented coalgebra. Denote by
C the cokernel of the coaugmentation ν : k→ C and recall that s is the suspension
functor. The cobar construction ΩC of this coaugmented coalgebra is the graded
module

T (s-1C) = k⊕ s-1C ⊕ (s-1C)⊗2 ⊕ (s-1C)⊗3 ⊕ . . .

regarded as a monoid in Ch with free associative product µ : T (s-1C)⊗2 → T (s-1C)
given by concatenation, unit map η : k → T (s-1C) by the obvious inclusion, and
differential constructed by extending the linear map

− s-1 ◦ ∂ ◦ s+1 + (s-1 ⊗ s-1) ◦∆ ◦ s+1 : s-1C → s-1C ⊕ (s-1C ⊗ s-1C) ↪→ T (s-1C)
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as a derivation using the freeness of the underlying graded monoid. On morphisms,
the functor Ω is defined using the functoriality of the free graded monoid construction.
For any x1, . . . , xk ∈ C, we denote

[x1| · · · |xk] = s-1x1 ⊗ · · · ⊗ s-1xk ∈ (s-1C)⊗k.

3.3. Adams’s map. Adams made precise the sense in which the cobar functor may
be understood as an algebraic analogue of the based loop space functor. This was
achieved by constructing a natural monoidal chain map

(3) θX : Ω S4As(X, x)→ S�(ΩxX),

for any pointed topological space (X, x), and showing it to be a quasi-isomorphism
for simply-connected spaces in [Ada56], a hypothesis removed in [RZ18] and, using a

different argument, in [RS19]. Here S4As(X, x) denotes the coalgebra N4As(Sing4(X, x))
(using the notation introduced in 2.3) of (pointed) normalized singular chains.

We now describe the construction of Adams’ map, whose combinatorial essence
is the observation that the set of ascending chains in 0 < · · · < n containing 0 and
n, with the inclusion order, is isomorphic to the (n− 1)th cubical lattice. To define
Adams’ map one uses a collection of continuous maps{

θn : In−1 → P (�n; v0, vn)
}
n∈N,

satisfying for each j the following conditions:

(1) θ1(0) : [0,
√

2]→ �1 is the path θ1(0)(s) = v0 + s√
2
(v1 − v0),

(2) θn ◦ δj0 = P (δj) ◦ θn−1, and

(3) θn ◦ δj1 =
(
P (δf

n
j ) ◦ θj

)
·
(
P (δ`

n
n−j ) ◦ θn−j

)
,

where, for ε ∈ {0, 1},

δjε = idIj−1 × δε × idIn−j−2 : In−2 → In−1,

and

δf
n
j = δn ◦ · · · ◦ δn−j+1 : �j → �n,

δ`
n
n−j = δn−j−1 ◦ · · · ◦ δ0 : �n−j → �n,

are respectively the inclusions into the first and last faces of �n.
Adams showed the existence of a (non-unique) collection of such maps by induc-

tion, using the contractibility of P (�n; v0, vn). He then defined θX as follows. For

any singular 1-simplex σ ∈ S4As(X, x) let

θX[σ] = P (σ) ◦ θ1 − cx,

where (cx : I0 → ΩxX) ∈ S�(ΩxX) is the singular 0-cube determined by the constant
loop (with r = 0) at x ∈ X. For any singular n-simplex σ ∈ S4(X, x) with n > 1, let

θX[σ] = P (σ) ◦ θn.

Since the underlying graded monoid structure of Ω S4As(X, x) is free, we may extend

the above to a monoidal chain map θX : Ω S4As(X, x)→ S�(ΩxX). Conditions (1),
(2), and (3) then imply that θX is a chain map.
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Figure 1. In red, the path θ3(t) ∈ P (�3, v0, v3) associated to a t ∈ I2.

Remark 1. Adams originally worked with the sub-coalgebra S4As(X, x)1 of S4As(X, x)
generated by singular simplices σ : �n → X collapsing the 1-skeleton of �n to x ∈ X.

If X is simply connected, the inclusion map S4As(X, x)1 ↪→ S4As(X, x) induces a quasi-

isomorphism on homology. In this case, the degree 1 module in S4As(X, x)1 is trivial,

so that Ω S4As(X, x)1 is connected, i.e. isomorphic to the underlying ring k in degree 0.
The cobar construction does not preserve quasi-isomorphisms in general. It does
preserve quasi-isomorphisms between coaugmented coalgebras that are trivial in
degree 1.

3.4. An explicit choice. We now construct an explicit collection of maps{
θn : In−1 → P (�n; v0, vn)

}
n∈N

satisfying the conditions in §3.3.
Given v, w ∈ Rn+1 denote by

γ(v, w) :
[
0, |w − v|

]
→ Rn+1

the straight line path from v to w parameterized by arc length, i.e.

γ(v, w)(s) = v +
s

|w − v|
(w − v).

For any t = (t1, . . . , tn−1) ∈ In−1 we define p1(t), . . . , pn−1(t) in �n inductively by

p1(t) = v0 + t1(v1 − v0),

pj(t) = pj−1(t) + tj(vj − pj−1(t)).

We may now define

θn(t) : [0, rt]→ �n,

where

rt = |p1(t)− v0|+ |p2(t)− p1(t)|+ · · ·+ |vn − pn−1(t)|,
as the piecewise linear path given by concatenating the straight line segments
connecting the ordered sequence of points v0, p1(t), . . . , pn(t), vn, i.e.

θn(t) = γ(v0, p1(t)) · γ(p1(t), p2(t)) · · · · · γ(pn−1(t), vn).

Please consult Figure 1 for an example illustrating this construction.
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A straightforward computation proves that the conditions in §3.3 are satisfied
by this collection. A diagrammatical verification in low dimensions is provided in
Figure 2.

We can extend this collection {θn : In−1 → P (�n; v0, vn)} to one of the form{
θ(n1,...,nk) : In1+···+nk−k → P (�n1 ∨ · · · ∨ �nk)

}
where the topological necklace �n1 ∨ · · · ∨ �nk is obtained by identifying the last
vertex of �ni with the first vertex of �ni+1 for each i = 1, . . . , k − 1 assuming each
ni > 0. We do so by setting

θ(n1,...,nk)(t1, . . . , tn1+···+nk−k)

= θn1
(t1, . . . , tn1−1) · . . . · θnk

(tn1+···nk−1−k, . . . , tn1+···+nk−k).

Thus we can think of the topological necklace �n1∨· · ·∨�nk as a space parameterizing
a (n1 + · · ·+ nk − k)-dimensional family of paths between the first and last vertices.
Please consult Figure 3 for an example illustrating this construction.

3.5. Necklaces. We now present a categorical viewpoint on the necklaces encoun-
tered in the previous subsection and their intimate relationship with Adams’ cobar
construction. For any pointed space (X, x), the underlying graded k-module of

Ω S4As(X, x) can be described as the graded k-module freely generated by finite
ordered sequences

T = (σ1, . . . , σk)

of simplices σi ∈ Sing4(X, x), with degree |T | = |σ1|+ · · ·+ |σk| − k, modulo the
sub k-module generated by those sequences with at least one degenerate simplex.

The differential of Ω S4As(X, x) on a generator T of degree n can be expressed as
a signed signed sum of all generators T ′ of degree n − 1. The simplices in the

Figure 2. The faces of the 2-cube in blue, labeled by a red element
in their corresponding family of paths.
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Figure 3. In red, the path θ(2,1,3,2)(t) in P (�2 ∨ �1 ∨ �3 ∨ �2)

associated to an element t in I4.

ordered sequence corresponding to each of these T ′ are all faces of simplices in
the ordered sequence corresponding to T . Note that two types of generators T ′

appear in this differential: those that have the same length as T and those that have
exactly one more simplex. The first type corresponds to terms in the differential

of S4As(X, x) and the second type to terms in the Alexander-Whitney coproduct.

Furthermore, the monoid structure of Ω S4As(X, x) is induced by simply concatenating

these ordered sequences of simplices. This perspective suggests that Ω S4As(X, x)
may be obtained by applying a normalized chains functor to certain cellular monoid,
naturally associated to (X, x), with cells labeled by finite ordered sequences of
simplices in Sing4(X, x). A geometric construction reflecting this idea was described
in [Bau80]. We instead take a categorical approach and make this discussion precise
through the framework of necklaces and necklical sets as we now discuss.

Consider the subcategory 4∗,∗ of the simplex category 4 with the same objects
and morphisms given by functors f : [n] → [m] satisfying f(0) = 0 and f(n) =
m. It is a strict monoidal category when equipped with the monoidal structure
[n]⊗ [m] = [n+m], thought of as identifying the elements n ∈ [n] and 0 ∈ [m], and
unit given by [0]. Heuristically, we may think of 4∗,∗ as a category of models for
cells parameterizing families of paths with fixed endpoints inside a simplex.

The necklace category Nec is obtained from 4∗,∗ as follows. Thinking of 4∗,∗ as
a monoid in Cat, we first apply the bar construction to it and produce a simplicial
object in MonCat which, after realization, defines the strict monoidal category Nec.
We denote the monoidal structure by

∨ : Nec× Nec→ Nec.

We describe (Nec,∨) in more explicit terms. The objects of Nec, called necklaces, are
freely generated by the objects of 4∗,∗ through the monoidal structure ∨. Namely,
the set of objects of Nec is the set of monomials{

[n1] ∨ · · · ∨ [nk] | ni, k ∈ N>0

}
together with [0] serving as the monoidal unit.

The morphisms of Nec are generated through the monoidal structure by the
following four types of morphisms for all n ∈ N>0

(1) ∂j : [n− 1]→ [n] for j = 1, . . . , n− 1,
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(2) ∆[j],[n−j] : [j] ∨ [n− j]→ [n] for j = 1, . . . , n− 1,

(3) ξj : [n+ 1]→ [n] for j = 0, . . . , n and n > 0, and
(4) ξ0 : [1]→ [0].

We may identify Nec with a full sub-category of the category of double pointed
simplicial sets sSet∗,∗ as follows. Consider the functor

S : Nec→ sSet∗,∗

induced by sending any necklace T = [n1] ∨ · · · ∨ [nk] to the simplicial set

S(T ) = 4n1 ∨ · · · ∨ 4nk ,

where the wedge symbol now means we identify the last vertex of 4ni with the
first vertex of 4ni+1 for i = 1, . . . , k − 1 and the two base points are given by the
first vertex of 4n1 and the last vertex of 4nk . Then S is a fully faithful functor, so
Nec may be identified with the full sub-category of sSet∗,∗ having as objects those
double pointed simplicial sets of the form 4n1 ∨ · · · ∨ 4nk . The dimension of a
necklace T = [n1] ∨ · · · ∨ [nk] is defined by dim(T ) = n1 + · · ·+ nk − k. Note there
is a canonical homeomorphism

�n1 ∨ · · · ∨ �nk ∼= |4n1 ∨ · · · ∨ 4nk |.

The category of necklical sets Fun(Necop,Set) becomes a (non-symmetric) monoidal
category with monoidal structure induced from (Nec,∨). We denote the monoidal
category of necklical sets by nSet.

Remark. The category of necklaces was introduced in [DS11] to give an explicit
description of the homotopy coherent nerve functor and its left adjoint.

3.6. From necklaces to cubes. In §3.4 we described an explicit way of decompos-
ing a topological necklace �n1 ∨ · · · ∨ �nk into a family of paths connecting the first
and last vertices parameterized by an (n1 + · · ·+ nk − k)-dimensional cube. This
construction satisfies conditions (1), (2), and (3) in §3.3. In particular, conditions (2)
and (3) may be interpreted as saying that each face in the codimension 1 boundary
of such a cube of paths is in one-to-one correspondence with codimension 1 “sub-
necklaces” inside �n1 ∨ · · · ∨ �nk connecting the first and last vertices. Furthermore,
sub-necklaces in �n1 ∨ · · · ∨ �nk are in one-to-one correspondence with the poset{

J ⊆ {0, . . . , n1 + · · ·+ nk − k} | 0, n1 + · · ·+ nk − k ∈ J
}

ordered by inclusion, which has a canonical cubical structure. We build upon this
observation to describe a functorial relation between necklaces and cubes. This will
be used to explain how Adams’ map is induced by a deeper categorical construction.

We begin by defining a monoidal functor

P : Nec→ �

as follows. First define P[0] = 20. On any other necklace T ∈ Nec, define P(T ) =
2dim(T ). In order to define P on morphisms, it is sufficient to consider the following
cases.

(1) For any coface map ∂j : [n] → [n + 1] such that 0 < j < n+ 1, define

P(∂j) : 2n−1 → 2n to be the cubical coface functor P(f) = δj0.
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(2) For any ∆[j],[n+1−j] : [j] ∨ [n + 1 − j] → [n + 1] such that 0 < j < n + 1,
define

P(∆[j],[n+1−j]) : 2n−1 → 2n

to be the cubical coface functor P(f) = δj1.
(3) We now consider codegeneracy maps of the form ξj : [n+ 1]→ [n] for n > 0.

If j = 0 or j = n, define P(f) : 2n → 2n−1 to be the cubical codegeneracy
functor P(sj) = εj . If 0 < j < n, define P(sj) : 2n → 2n−1 to be the cubical
coconnection functor γj .

(4) For ξ0 : [1]→ [0] define P(ξ0) : 20 → 20 to be the identity functor.

Remark. The functor P is neither faithful or full. However, for any necklace
T ′ ∈ Nec with dim(T ′) = n+ 1 and any cubical coface functor δjε : 2n → 2n+1 for
0 ≤ j ≤ n + 1, there exists an map f : T ↪→ T ′, where T ∈ Nec with dim(T ) = n
such that S(f) : S(T ) ↪→ S(T ′) is an injective morphism in Nec and P(f) = δjε .

The functor P : Nec→ � induces an adjunction between cSet and nSet with right
and left adjoint functors given respectively by

P∗ : cSet→ nSet, and P! : nSet→ cSet.

Explicitly, for a cubical set Y : �op → Set,

P∗(Y ) = Y ◦ Pop,

and for a necklical set K : Necop → Set,

P!(K) = colim
Y(T )→K

P(T ) ∼= colim
Y(T )→K

�dim(T ),

where Y : Nec → nSet is the Yoneda embedding. Since P is a monoidal functor,
P! : nSet→ cSet is monoidal as well.

3.7. Cubical cobar construction. Using the framework of necklical sets, we may
reinterpret Baues’ geometric cobar construction [Bau80] as a functor


nec : sSet0 → MonnSet,

which we now define.
For any reduced simplicial set X, we define a necklical set 
nec(X) : Necop → Set

having as necklical cells all necklaces inside X; namely


nec(X) = colim
S(T )→X

Y(T ).

The monoidal structure ∨ : Nec× Nec→ Nec given by concatenation of necklaces
induces a natural product


nec(X)⊗ 
nec(X)→ 
nec(X)

making 
nec(X) into a monoid in nSet.
We may now define the cubical cobar construction


 : sSet0 → MoncSet

as the composition


 = P! ◦ 
nec .

Since P! is monoidal, 
(X) is a monoid in cSet.
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Remark 2. This reinterpretation of Baues’ construction in terms of cubical sets
was also studied in [RZ18]. In this reference, it is also proven that the composition
of functor T ◦
, where T : MoncSet → MonsSet is the triangulation functor, coincides
with the left adjoint of the homotopy coherent nerve functor restricted to sSet0.

3.8. Relation to the cobar construction. We now relate the cubical cobar
functor 
 : sSet0 → MoncSet to the cobar construction Ω : coAlg∗ → MonCh (§3.2).

Theorem 3. There is a natural isomorphisms of functors

N� 
 ∼= Ω N4As : sSet0 → MonCh.

Proof. Denote by ιn ∈ (�n)n the top dimensional non-degenerate element of the
standard n-cube �n. Note that for a reduced simplicial set X, we may represent
any non-degenerate n-cube α ∈ (P!(
nec(X)))n as a pair α = [σ : Y(T ) → X, ιn]
for some T = [n1] ∨ · · · ∨ [nk] ∈ Nec with dim(T ) = n1 + · · ·+ nk − k = n.

To define a monoidal chain map

ϕX : N�(P!(

nec(X)))

∼=−→ Ω N4As(X)

it suffices to define it on any generator of the form α = [σ : 4n+1 → X, ιn], i.e.,
when T is of the form T = [n+ 1], for some n ≥ 0. If n = 0 let ϕX(α) = [σ] + 1k,

where [σ] ∈ s-1N4(X) ⊂ Ω N4As(X) denotes the (length 1) generator in the cobar
construction of N4(X) determined by σ ∈ Xn+1 and 1k denotes the unit of the
underlying ring k. If n > 0, we let ϕX(α) = [σ]. A straightforward computation
yields that this gives rise to a well defined isomorphism of algebras, which is
compatible with the differentials, and natural with respect to maps of simplicial
sets. �

A similar result to Theorem 3 was observed in the case of 1-reduced simplicial
sets in [Ber95, Section 3.5].

3.9. Factorization of Adams’s map. Adams’s comparison map can be factored
as a composition

(4) θX : Ω S4As(X, x)
∼=−→ N� 
(Sing4(X, x))

N�(Θ)−−−−→ S�(ΩxX).

The first map is the monoidal isomorphism induced by Theorem 3. The second map
is given by applying chains N� : MoncSet → MonCh to the map of monoidal cubical
sets

Θ: 
(Sing4(X, x))→ Sing�(ΩxX)

determined through the monoid structure by sending an n-simplex (σ : �n → X) to
the singular (n− 1)-cube

P (σ) ◦ θn : In−1 → ΩxX,

where the maps θn : In−1 → P (�n; 0, n) are discussed in §3.3.
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3.10. A monoidal coalgebra structure on the cobar construction. We follow

[Bau98] to construct a coalgebra structure on Ω S4As(X, x), compatible with both
the differential and monoid structure, such that Adams’s map becomes a map of
monoids in the category of coalgebras.

Recall the Serre coalgebra lift N�
As : cSet→ coAlg of N� : cSet→ Ch, the unique

monoidal functor defined by the coalgebra structure on N(�1). Since N�
As is monoidal

and 
(Sing4(X, x)) is a monoid, N�
As(
(Sing4(X, x))) is a monoid in coAlg. Similarly,

the lift N�
As equips Sing�(ΩxX) with a natural monoidal coalgebra structure as well.

Consequently, the isomorphism in (4) endows Ω S4As(X, x) with a natural monoidal
coalgebra structure making θX into natural map of monoidal coalgebras.

4. Monoidal E∞-structures

In this section we recall the model U(M) of the E∞-operad, whose category of
coalgebras we show to be monoidal. We use this structure to construct a monoidal
functor N�

U(M) : cSet → coAlgU(M) extending the Serre coalgebra structure. This

endows for any pointed topological space both Ω S4As(X, x) and S�
As(ΩxX) with the

structure of a monoidal E∞-coalgebra which is preserved by Adams’ map.

4.1. E∞-operads. Recall that operads control algebraic structures with either one
input and multiple outputs or vice-versa. In this article, we work with dg operads,
i.e. operads in the monoidal category (Ch,⊗,1); we refer to [LV12] for more details.

For example, coalgebras, as defined in §2.1, are controlled by the operad As
generated by two elements in degree 0

, ,

modulo the relations

, , .

Let σ ∈ S2 be the non-identity transposition. The operad Com controlling cocom-
mutative coalgebras is obtained by adding the relation

σ

to this presentation. We are interested in compatibly resolving the (trivial) symmetric
group actions on Com associated to the permutation of factors. An E∞-operad is
an operad O quasi-isomorphic to Com for which the action of Sr on O(r) is free
for each r ∈ N. An E∞-coalgebra structure on a chain complex C is an operad
morphism

O → coEnd(C) = {Hom(C,C⊗r)}r∈N.

4.2. A finitely presented E∞-prop. A prop is an object controlling algebraic
structures with multiple inputs and outputs. We refer to [Mar08] for a detailed
exposition. We recall the following construction from [Med20a]. The prop M is
generated by adding to the presentation of As a generator and a relation. More
specifically, a generator in degree 1 with boundary

∂7−→ ,
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and the relation

.

The importance of this construction is that the operad U(M) = {M(1, r)}r∈N
obtained by restriction of structure is an E∞-operad.

4.3. M-bialgebras. An M-bialgebra structure on C is a prop morphism

M→ biEnd(C) = {Hom(C⊗s, C⊗r)}r,s∈N.

More explicitly, is a coalgebra (C,∆, ε) together with a degree 1 product satisfying
for any a, b ∈ C that:

ε(a ∗ b) = 0,(5)

∂(a ∗ b) = ∂ a ∗ b− (−1)aa ∗ ∂ b+ ε(a)b− (−1)aa ε(b).(6)

The signs appearing in Identity (6) are a result of the Koszul sign convention.
Any M-bialgebra structure induces an E∞-coalgebra structure. More explicitly,

let (C,∆, ε, ∗) be an M-bialgebra. The collection of all maps {C → C⊗r}r∈N
generated by ∆, ε and ∗ makes C into an E∞-coalgebra, specifically into an U(M)-
coalgebra.

4.4. E∞-structure on simplicial chains. We recall the construction of an E∞-
extension of the Alexander–Whitney coalgebra structure on simplicial chains intro-
duced in [Med20a]. Let us start by considering the representable simplicial sets. The
coalgebra N(4n) can be made into a natural M-bialgebra considering an algebraic
version of the join product defined by

[v0, . . . , vp]∗ [vp+1, . . . , vq] =

{
(−1)p sign(π)

[
vπ(0), . . . , vπ(q)

]
if vi 6= vj for i 6= j,

0 if not,

where π is the permutation that orders the vertices. A Kan extension of the induced

U(M)-coalgebra structure on N(4n) defines a lift N4U(M) of the Alexander–Whitney

coalgebra to the category of E∞-coalgebras defined by U(M). That is to say, these
functors fit in a commutative diagram

coAlgU(M)

sSet coAlg,

N4
U(M)

N4As

where the vertical arrow is the obvious forgetful functor.
We remark that this E∞-structure generalizes those previously introduced in

[MS03; BF04] in the sense that any cooperation N→ N⊗r arising from the action
of the Barratt-Eccles or surjection operad can be expressed as a cooperation arising
from the action of U(M).

4.5. E∞-structure on cubical chains. We recall the construction of an E∞-
extension of the Serre coalgebra structure on cubical chains introduced in [KM22].
Let us first consider representable cubical sets. The coalgebra structure on N(�n)
can be made into a natural M-bialgebra considering a product defined using the
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following notation. For a basis element x = x1 ⊗ · · · ⊗ xn of N(�n) and an integer
` ∈ {1, . . . , n} we write

x<` = x1 ⊗ · · · ⊗ x`−1,

x>` = x`+1 ⊗ · · · ⊗ xn,
with the convention x<1 = x>n = 1 ∈ Z. Then, for two such basis elements x and y
we set

(7) (x1 ⊗ · · · ⊗ xn) ∗ (y1 ⊗ · · · ⊗ yn) =

n∑
i=1

x<i ε(y<i)⊗ (xi ∗ yi)⊗ ε(x>i) y>i,

where the only non-zero values of xi ∗ yi are

[0] ∗ [1] = [0, 1], [1] ∗ [0] = −[0, 1].

A Kan extension of the induced U(M)-coalgebra structure on N(�n) defines a lift
N�

U(M) of the Serre coalgebra structure to the category of E∞-coalgebras defined by

U(M). That is, a commutative diagram

(8)
coAlgU(M)

cSet coAlg.

N�
U(M)

N�
As

Remark. The product defined above in Equation (7) differs from the one defined
in [KM22] by the sign (−1)x. The convention used here is more natural as we will
see in §4.7.

4.6. Monoidal structure. In this subsection we describe an extension of the tensor
product of coalgebras to M-bialgebras and U(M)-coalgebras.

Lemma 4. Let C and C ′ be M-bialgebras. The coalgebra C ⊗ C ′ is a natural
M-bialgebra with

(9) (a⊗ b) ∗ (c⊗ d) = a ε(c)⊗ (b ∗ d) + (a ∗ c)⊗ ε(b)d,
for any a, c ∈ C and b, d ∈ C ′.

Proof. We verify Identity (5) using that ε(b ∗ d) = ε(a ∗ c) = 0,

ε
(
(a⊗ b) ∗ (c⊗ d)

)
= ε
(
a ε(c)⊗ (b ∗ d)

)
+ ε

(
(a ∗ c)⊗ ε(b)d

)
= ε(a) ε(c)⊗ ε(b ∗ d) + ε(a ∗ c)⊗ ε(b) ε(d)

= 0.

To verify Identity (6) we need to show that

∂
(
(a⊗ b) ∗ (c⊗ d)

)
= ∂(a⊗ b) ∗ (c⊗ d)− (−1)a+b(a⊗ b) ∗ ∂(c⊗ d)

+ ε(a⊗ b)(c⊗ b)− (−1)a+b(a⊗ b) ε(c⊗ d).
(10)

Let us start computing the left hand side of the above expression.

∂
(
(a⊗ b) ∗ (c⊗ d)

)
= ∂

(
a ε(c)⊗ (b ∗ d) + (a ∗ c)⊗ ε(b)d

)
= ∂ a ε(c)⊗ (b ∗ d) + (−1)aa ε(c)⊗ ∂(b ∗ d)

+ ∂(a ∗ c)⊗ ε(b)d + (−1)a+c+1(a ∗ c)⊗ ε(b) ∂ d.
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Using that C and C ′ satisfy Identity (6) we have that

∂
(
(a⊗ b) ∗ (c⊗ d)

)
= ∂ a ε(c)⊗ (b ∗ d)

+ (−1)aa ε(c)⊗
(
∂ b ∗ d+ (−1)b+1b ∗ ∂ d+ ε(b)d+ (−1)b+1b ε(d)

)
+
(
∂ a ∗ c+ (−1)a+1a ∗ ∂ c+ ε(a)c+ (−1)a+1a ε(c)

)
⊗ ε(b)d

+ (−1)a+c+1(a ∗ c)⊗ ε(b) ∂ d.

Inspecting this expression we label terms which sum to ∂
(
(a ⊗ b) ∗ (c ⊗ d)

)
:

(−1)0 ∂ a ε(c)⊗ (b ∗ d)(11)

(−1)aa ε(c)⊗ (∂ b ∗ d)(12)

(−1)a+b+1a ε(c)⊗ (b ∗ ∂ d)(13)

(−1)aa ε(c)⊗ ε(b)d(14)

(−1)a+b+1a ε(c)⊗ b ε(d)(15)

(−1)0(∂ a ∗ c)⊗ ε(b)d(16)

(−1)a+1(a ∗ ∂ c)⊗ ε(b)d(17)

(−1)0 ε(a)c⊗ ε(b)d(18)

(−1)a+1a ε(c)⊗ ε(b)d(19)

(−1)a+c+1(a ∗ c)⊗ ε(b) ∂ d ||(20)

Additionally, since

∂(a⊗ b) ∗ (c⊗ d) = (∂ a⊗ b) ∗ (c⊗ d) + (−1)a(a⊗ ∂ b) ∗ (c⊗ d),

the following labeled terms sum to ∂(a⊗ b) ∗ (c⊗ d):

(−1)0 ∂ a ε(c)⊗ (b ∗ d)(21)

(−1)0(∂ a ∗ c)⊗ ε(b)d(22)

(−1)aa ε(c)⊗ (∂ b ∗ d) ||(23)

Similarly, since

(a⊗ b) ∗ ∂(c⊗ d) = (a⊗ b) ∗ (∂ c⊗ d) + (−1)c(a⊗ b) ∗ (c⊗ ∂ d),

the following labeled terms sum to (−1)a+b+1(a⊗ b) ∗ ∂(c⊗ d):

(−1)a+1(a ∗ ∂ c)⊗ ε(b)d(24)

(−1)a+b+1a ε(c)⊗ (b ∗ ∂ d)(25)

(−1)a+c+1(a ∗ c)⊗ ε(b) ∂ d ||(26)

We have the following matching pairs of labeled summands.

(11)-(21) : (12)-(23) : (13)-(25) : (14)-(19) : (16)-(22) : (17)-(24) : (20)-(26).

Additionally, the sum of the unmatched terms (18) and (15) correspond to

ε(a⊗ b)(c⊗ b)− (−1)a+b(a⊗ b) ε(c⊗ d),

which concludes the verification of both Identity (10) and the lemma. �

We now give a more conceptual description of the monoidal structure on biAlgM,
which generalizes to coAlgU(M). The prop M is obtained by applying the functor

of cellular chains to a CW prop [Med21b]. These cells are in fact cubical, generated
through compositions by the generators

I0, I0, I1.
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The Serre diagonal defines a diagonal ∆M onM compatible with its prop structure.
More specifically, for any basis element µ in M we have a chain map φµ : N(�n)→
M with φµ(2n) = µ, and ∆M(µ) is set to be φ⊗2

D ◦∆(2n). Crucially, ∆M acts on
the generators by

7→ ⊗ ,

7→ ⊗ ,

7→ ⊗ + ⊗ ,

which recovers the statement of Lemma 4. The structure preserving diagonal on
the prop M induces one on the operad U(M) and defines, as usual for so-called
Hopf operads, a monoidal structure on coAlgU(M).

4.7. Revisiting the E∞-coalgebra structure on cubical chains. We show that
the monoidal structure on U(M)-coalgebras recover the E∞-structure on cubical
chains defined in §4.5. In fact, we have the following stronger statement at the level
of M-bialgebras.

Theorem 5. For any n ∈ N, the M-bialgebra structure on N(�n) agrees with the
monoidal extension of the M-bialgebra structure on N(�1).

Proof. Since the coalgebra part agrees by definition, we focus on the product. We
will proceed by induction with the base case holding trivially. Let x = x1 ⊗ · · · ⊗ xn
and y = y1 ⊗ · · · ⊗ yn be two elements in N(�n). The following straightforward
computation verifies that x ∗ y in N(�n) corresponds to (x<n ⊗ xn) ∗ (y<n ⊗ yn) in
N(�n−1)⊗N(�1):

x ∗ y =

n∑
i=1

x<i ε(y<i)⊗ xi ∗ yi ⊗ ε(x>i) y>i

=

n−1∑
i=1

x<i ε(y<i)⊗ xi ∗ yi ⊗ ε(x>i) y>i + x<n ε(y<n)⊗ xn ∗ yn

= x<n ∗ y<n ⊗ ε(xn) yn + x<n ε(y<n)⊗ xn ∗ yn
= (x<n ⊗ xn) ∗ (y<n ⊗ yn),

which concludes the proof. �

4.8. A monoidal E∞-coalgebra structure on the cobar construction. Using

Theorem 5 and the natural equivalence of functors N� 
 ∼= Ω N4As proven in Theo-
rem 3, we can transfer a monoidal E∞-structure to the Adams’ cobar construction
of any reduced simplicial set, extending the monoidal coalgebra structure defined by
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Baues. This is summarized by the following diagram commuting up to isomorphisms:

MoncoAlgU(M)

MoncSet MoncoAlg

sSet0 MonCh.

N�
U(M)

N�
As

Ω N4As




Furthermore, using the factorization of Adams’ map described in §3.9 and the natu-
rality of our monoidal E∞-structure, we conclude that for any pointed topological
space X,

θX : Ω S4As(X, x)→ S�
U(M)(ΩxX)

is a monoidal quasi-isomorphism of E∞-coalgebras, as announced in the introduction.
x
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Cahiers Topologie Géom. Différentielle Catég. 63.4 (2022) (cit. on pp. 2,
3, 6, 17, 18).

[KS98] Tornike Kadeishvili and Samson Saneblidze. “Iterating the bar construc-
tion”. Georgian. Math. J. 5.5 (1998) (cit. on p. 3).

[LV12] Jean-Louis Loday and Bruno Vallette. Algebraic operads. Vol. 346.
Grundlehren der mathematischen Wissenschaften [Fundamental Prin-
ciples of Mathematical Sciences]. Springer, Heidelberg, 2012 (cit. on
p. 16).

[Man06] Michael A. Mandell. “Cochains and homotopy type”. Publ. Math. Inst.

Hautes Études Sci. 103 (2006) (cit. on p. 2).
[Mar08] Martin Markl. “Operads and PROPs”. Handbook of algebra. Vol. 5.

Vol. 5. Handb. Algebr. Elsevier/North-Holland, Amsterdam, 2008 (cit.
on p. 16).

[Med20a] Anibal M. Medina-Mardones. “A finitely presented E∞-prop I: algebraic
context”. High. Struct. 4.2 (2020) (cit. on pp. 3, 16, 17).

[Med20b] Anibal M. Medina-Mardones. “An effective proof of the Cartan formula:
the even prime”. J. Pure Appl. Algebra 224.12 (2020) (cit. on p. 2).

[Med21a] Anibal M. Medina-Mardones. “A computer algebra system for the study
of commutativity up to coherent homotopies”. Advanced Studies: Euro-
Tbilisi Mathematical Journal 14.4 (2021) (cit. on p. 2).

[Med21b] Anibal M. Medina-Mardones. “A finitely presented E∞-prop II: cellular
context”. High. Struct. 5.1 (2021) (cit. on p. 19).

[MS03] James E. McClure and Jeffrey H. Smith. “Multivariable cochain op-
erations and little n-cubes”. J. Amer. Math. Soc. 16.3 (2003) (cit. on
p. 17).

[RS19] Manuel Rivera and Samson Saneblidze. “A combinatorial model for the
path fibration”. J. Homotopy Relat. Struct. 14.2 (2019) (cit. on pp. 7,
9).

https://doi.org/10.4310/CNTP.2020.v14.n1.a1
https://doi.org/10.4310/CNTP.2020.v14.n1.a1
https://doi.org/10.4310/CNTP.2020.v14.n1.a1
http://www.tac.mta.ca/tac/volumes/11/8/11-08.pdf
https://doi.org/10.1080/00927879708826055
https://www.emis.de/journals/GMJ/vol10/v10n1-9.pdf
https://www.emis.de/journals/GMJ/vol10/v10n1-9.pdf
http://www.rmi.ge/proceedings/volumes/pdf/v119-7.pdf
https://doi.org/10.1515/forum-2020-0296
https://doi.org/10.1515/forum-2020-0296
http://cahierstgdc.com/wp-content/uploads/2022/10/KAUFMANN-MEDINA-LXIII-4.pdf
http://cahierstgdc.com/wp-content/uploads/2022/10/KAUFMANN-MEDINA-LXIII-4.pdf
https://doi.org/10.1515/GMJ.1998.441
https://doi.org/10.1515/GMJ.1998.441
https://doi.org/10.1007/978-3-642-30362-3
https://doi.org/10.1007/s10240-006-0037-6
https://doi.org/10.1016/S1570-7954(07)05002-4
https://journals.mq.edu.au/api/files/issues/Vol4Iss2/Medina-Mardones
https://journals.mq.edu.au/api/files/issues/Vol4Iss2/Medina-Mardones
https://doi.org/10.1016/j.jpaa.2020.106444
https://doi.org/10.1016/j.jpaa.2020.106444
https://projecteuclid.org/journals/advanced-studies-euro-tbilisi-mathematical-journal/volume-14/issue-4/A-computer-algebra-system-for-the-study-of-commutativity-up/10.3251/asetmj/1932200819.full
https://projecteuclid.org/journals/advanced-studies-euro-tbilisi-mathematical-journal/volume-14/issue-4/A-computer-algebra-system-for-the-study-of-commutativity-up/10.3251/asetmj/1932200819.full
https://higher-structures.math.cas.cz/api/files/issues/Vol5Iss1/Medina-Mardones-2
https://higher-structures.math.cas.cz/api/files/issues/Vol5Iss1/Medina-Mardones-2
https://doi.org/10.1090/S0894-0347-03-00419-3
https://doi.org/10.1090/S0894-0347-03-00419-3
https://doi.org/10.1007/s40062-018-0216-4
https://doi.org/10.1007/s40062-018-0216-4


REFERENCES 23

[RZ18] Manuel Rivera and Mahmoud Zeinalian. “Cubical rigidification, the
cobar construction and the based loop space”. Algebr. Geom. Topol. 18.7
(2018) (cit. on pp. 2, 7, 9, 15).

[Smi00] Justin R. Smith. “Operads and algebraic homotopy”. arXiv e-prints
(2000) (cit. on p. 3).

[Smi90] V.A. Smirnov. “On the chain complex of an iterated loop space”. Math-
ematics of the USSR-Izvestiya 35.2 (1990) (cit. on p. 3).

[Smi94] Justin R. Smith. “Iterating the cobar construction”. Mem. Amer. Math.
Soc. 109.524 (1994) (cit. on p. 3).

A.M., Department of Mathematics, Western University, Canada

Email address: anibal.medina.mardones@uwo.ca

M.R., Department of Mathematics, Purdue University

Email address: manuelr@purdue.edu

https://doi.org/10.2140/agt.2018.18.3789
https://doi.org/10.2140/agt.2018.18.3789
http://arxiv.org/abs/math/0004003
https://doi.org/10.1070/im1990v035n02abeh000713
https://doi.org/10.1090/memo/0524
anibal.medina.mardones@uwo.ca
mailto:manuelr@purdue.edu

	1. Introduction
	Related work

	Acknowledgements
	2. Conventions and preliminaries
	2.1. Coalgebras
	2.2. Monoids
	2.3. Simplicial theory
	2.4. Cubical theory

	3. Adams's model of the based loop space
	3.1. The based loop space
	3.2. The cobar construction
	3.3. Adams's map
	3.4. An explicit choice
	3.5. Necklaces
	3.6. From necklaces to cubes
	3.7. Cubical cobar construction
	3.8. Relation to the cobar construction
	3.9. Factorization of Adams's map
	3.10. A monoidal coalgebra structure on the cobar construction

	4. Monoidal E-infty-structures
	4.1. E-infty-operads
	4.2. A finitely presented E-infty-prop
	4.3. M-bialgebras
	4.4. E-infty-structure on simplicial chains
	4.5. E-infty-structure on cubical chains
	4.6. Monoidal structure
	4.7. Revisiting the E-infty-coalgebra structure on cubical chains
	4.8. A monoidal E-infty-coalgebra structure on the cobar construction

	References

