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Abstract. We construct an algebraic model for the Chas–Sullivan product and the Goresky–

Hingston coproduct in string topology. The construction takes as its initial input a simplicial

complex equipped with a local pairing on its simplicial chains, for instance, a homology man-

ifold with its local intersection pairing. We define the two string topology operations on the

coHochschild complex of a suitable coalgebra of chains, making use of local higher homotopies

that control the compatibility of the pairing with the diagonal approximation coproduct. In

the case of a closed oriented smooth manifold, we prove that our algebraic operations coincide,

up to chain homotopy, with their geometric counterparts. The local nature of our constructions

allows for arguments based on the method of acyclic models.
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1. Introduction

In this article, we construct an explicit and tractable algebraic model for two fundamental

operations in string topology: the Chas–Sullivan product [CS99] and the Goresky–Hingston

coproduct [GH09]. Our approach makes no hypotheses about the connectivity of the underlying

space, allows for an arbitrary commutative ring of coefficients, and extends previous models

known in the simply connected setting that are based on rational homotopy theory, Hochschild

homology, and Frobenius algebras [LS08; Abb16; NW19; RW22]. Furthermore, our framework

elucidates the necessity of locality conditions to obtain geometrically meaningful chain-level

string operations and allows us to define the Goresky–Hingston coproduct in the context of

homology manifolds.

Our construction starts with a simplicial complex equipped with a pairing satisfying an

appropriate locality condition and relies on two main ingredients:

(1) a model for the free loop space, given by the coHochschild complex of a suitable coalgebra

associated to the simplicial complex, and

(2) a coherent family of higher homotopies that extend the pairing, are also appropriately

local, and control the compatibility between the pairing and the diagonal approximation

coproduct.

The model for the free loop space in (1) follows the work of the first author in [Riv24] and

has the following form. Suppose X is a simplicial set, e.g. a simplicial complex with a coherent

ordering of the vertices of each simplex and formal degeneracies. Replace X by a homotopy

equivalent simplicial set rX with the property that every edge is invertible up to homotopy, so

that its homotopy category is a groupoid. This can be done functorially by gluing the nerve

of the groupoid with two objects and two non-identity morphisms along every edge. This step

may be bypassed if X is simply connected by contracting its 1-skeleton. Fix a commutative

ring R and consider the normalized simplicial R-chains Cp rXq with the Alexander–Whitney

diagonal approximation coproduct. With a slight modification of the simplicial boundary map,
1
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Cp rXq becomes a categorical coalgebra: a curved coalgebra on a set of objects (the vertices

of X) satisfying certain basic properties. The coHochschild complex ∗ of Cp rXq, denoted by

coCH˚pCp rXqq, provides a chain model for the free loop space of the geometric realization |X|.

The underlying graded R-module of coCH˚pCp rXqq is generated by necklaces in rX. A necklace

is a cyclically ordered sequence of simplices in rX, called the beads of the necklace, such that

the last vertex of a simplex coincides with the first vertex of the next one and one of the beads,

called the marked bead, is distinguished. Necklaces represent families of loops in |X| with base

points in the marked bead. Furthermore, the complex of constant loops inside coCHpCp rXqq,

which will play an important role in our construction of the string topology coproduct, can be

described in terms of sufficiently “local” necklaces. The relevant notions, constructions, and

results mentioned above are discussed in Sections 2, 3 and 4.

The notion describing the structure in (2) is inspired by the pre-Calabi-Yau formalism devel-

oped by the second author, Kontsevich, and Vlassopoulos in [KTV25]. This chain-level structure

may be constructed for any simplicial complex equipped with a local intersection pairing as is

the case of a triangulated smooth oriented compact manifold or, more generally, a homology

manifold. For instance, if M is a smooth oriented compact manifold of dimension n, Poincaré

duality gives rise to an intersection pairing

X : H˚pMq b H˚pMq Ñ R

on the homology of M . Present the homotopy type of M by a simplicial set XM obtained from

a sufficiently fine triangulation and homotopically invert edges to obtain rXM as above. The

required structure consists of a degree ´n map

α : Cp rXM q b Cp rXM q Ñ ΩCp rXM q b ΩCp rXM q,

where ΩCp rXM q denotes the cobar construction of Cp rXM q, which is closed with respect to

a certain differential and lifts X in an appropriate sense. The map α encodes a system of

maps reflecting the homotopical compatibility of the chain-level intersection pairing with the

coproduct of Cp rXM q. We call this structure a homotopy pairing on Cp rXM q and it can be

viewed as a coalgebraic analogue of a 2-truncated pre-Calabi-Yau algebra [KTV25] or, in the

language of [TZ07a], of a V2-algebra. Furthermore, α must satisfy a crucial locality condition:

it is non-zero only when the inputs are sufficiently close chains and, in such a case, its outputs

remain accordingly close. Similar notions and constructions are considered in [TZ07b]; however,

their approach assumes rational coefficients and, in order to recover the loop product of string

topology and its BV -algebra structure, one assumes the underlying space is simply connected.

The algebraic notion of a homotopy pairing can be defined for any categorical coalgebra.

The geometric locality condition can be defined for any homotopy pairing on the categorical

coalgebra of chains of a simplicial set arising from a simplicial complex. After recalling the role

of local pairings in topology in Section 5 and introducing homotopy pairings in Section 6, we

prove that, after taking a barycentric subdivision to make the simplicial complex fine enough

(Definition 4.6), any local pairing extends to a local homotopy pairing, see Theorem 6.4 and

Proposition 6.5 for precise statements.

∗The coHochschild complex can be defined for any categorical coalgebra C and it calculates the derived

cotensor product of C with itself in a suitable homotopy theory of C-bicomodules.
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Theorem 1.1. Let X be a simplicial set determined by a coherent ordering of the simplices of

a sufficiently fine simplicial complex K. Any degree ´n local pairing

θ : C˚pKq b C˚pKq Ñ R

on the chains of K lifts to a local homotopy pairing

α : Cp rXq b Cp rXq Ñ ΩCp rXq b ΩCp rXq,

with cohomology class uniquely determined by rθs P HnpK ˆ Kq. In particular, the intersection

pairing of a homology manifold can be lifted to a local homotopy pairing on its categorical

coalgebra of chains.

Given a homotopy pairing α on the categorical coalgebra of chains Cp rXq on a simplicial set

X, we explicitly construct a degree ´n product

µα : coCH˚pCp rXqq b coCH˚pCp rXqq Ñ coCH˚pCp rXqq

and a degree 1 ´ n coproduct

λα : coCH˚pCp rXqq Ñ coCH˚pCp rXqq b coCH˚pCp rXqq,

see Definitions 7.1 and 7.5. The product µα uses α to “intersect” the marked beads of two

necklaces and then concatenating the resulting beads. The coproduct λα starts with a necklace

and uses α to intersect the marked bead with each of the other beads, taking the sum and

splitting every term into two necklaces. These two algebraic operations are models for the

geometrically defined Chas–Sullivan product and Goresky–Hingston coproduct in the sense of

the following statements, which summarize our main results.

Theorem 1.2. Let X be a simplicial set determined by a coherent ordering of the vertices of

each simplex in a simplicial complex and α a homotopy pairing on the categorical coalgebra of

chains Cp rXq.

(1) (Proposition 7.2) The product µα is a chain map, i.e., µα satisfies the Leibniz rule with

respect to the coHochschild differential.

(2) (Proposition 7.7) If α is local and X is sufficiently fine, the failure of the coproduct

λα to be a chain map, i.e., the commutator of λα and the coHochschild differential, is

homotopic to a chain of constant loops.

(3) (Corollaries 7.12 and 7.15) If X “ XM arises from a sufficiently fine triangulation

of a smooth oriented closed manifold M and α is any local homotopy pairing lifting

the intersection pairing of M , then the quasi-isomorphism from coCH˚pCp rXqq to the

singular chains on LM intertwines up to homotopy the operations µα and λα, and the

geometrically defined loop product and coproduct of [HW23], respectively.

The operations µα and λα extend to the setting of possibly non-simply connected spaces

and arbitrary coefficients previous formulas defined in the context of simply connected closed

manifolds and rational coefficients [Abb16; NRW23; NW19]. In that more restricted setting,

a strict version of α, but not satisfying any geometric locality properties, can be provided by

the Poincaré duality commutative differential graded algebra models of Lambrechts and Stanley

[LS08]. The locality properties of our constructions allow us to apply arguments based on the

method of acyclic models to prove the above results. Note that while the product µα passes

to homology for any homotopy pairing α, in order for the coproduct λα to be meaningful, we

must assume α is local.
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One of our objectives is to isolate the essential ingredients used in string topology, motivated

by the fact that the loop coproduct on homology is already sensitive to structure beyond the

homotopy type of the underlying manifold [Nae24; NS24; KP24; NRW23]. Our construction

produces loop product and coproduct operations in the context of Poincaré duality complexes

whose intersection pairing has a local representative. The existence of such a local representative

is equivalent to being a homology manifold, as explained in [Ran92; Ran99; McC77; McC79]

and recalled in Section 5. Our construction of these operations, which starts by lifting a local

pairing on a simplicial complex to the homotopy pairing α, seems analogous to the lift described

in [NS24, Section 4.3] in the context of smooth manifolds, but the precise relationship between

these descriptions remains to be elucidated.

We conjecture that the full package of chain-level string topology, in particular the 8-

involutive Lie bialgebra (or IBL8-algebra) structure on the S1-equivariant chains of the free

loop space modulo constant loops, depends on a lift of the intersection product as a coalgebraic

version of a pre-Calabi–Yau (or V8) algebra satisfying appropriate locality conditions. For the

operations of interest in this paper, a 2-truncated version of the structure suffices.

In joint work with Z. Wang [RTW24], we developed an algebraic framework, within the Koszul

dual setting of dg categories equipped with pre-Calabi–Yau structures, including versions of the

loop product and coproduct studied in the present article. The results in that article are

mostly algebraic and do not include a discussion of how pre-Calabi–Yau structures arise from

intersection theory on a geometric space, but the formalism developed there applies broadly to

other settings, including algebraic and symplectic geometry. The present article grew out of

the observation that, in the context of string topology of manifolds, the fundamental structure

underlying the loop product and coproduct is given by local intersection theory, which is most

naturally expressed at the level of coalgebras of chains. The present article is written in a

self-contained manner and can be read independently from [RTW24]. The precise relationship

between the two algebraic frameworks, which is given by Koszul duality in the sense of [HL22],

will be addressed elsewhere.

Notation and conventions. Throughout this paper, we fix a commutative ring R. We just

write ‘complexes’ to mean homologically-graded complexes of R-modules, also known as dg

R-modules, with a differential of degree ´1. Whenever we write ‘linear’, ‘module’ etc. we shall

mean R-linear and R-module, and so on. We will write b “ bR for the tensor product of

R-modules. If C is an R-coalgebra, M a right C-comodule, and N a left C-comodule, we will

write M bN for the cotensor product of M and N over C. We follow the Koszul sign rule when

applying maps in the graded setting.

We use both simplicial sets and simplicial complexes in this paper. We will use the convention

that simplices in a simplicial complex are closed, that is, contain their faces. For ease of notation,

we will not distinguish between the ‘abstract’ n-simplex and the ‘topological’ n-simplex, its

realization, and denote both by the symbol △n; it will be clear which one we mean from the

context. We will use the same notation | ´ | for the (thin) geometric realization of a simplicial

set and for the polytope of a simplicial complex.

We will use different types of chains and distinguish them by notation. In particular, we

will use S˚pY q for singular (simplicial) chains in a topological space Y and reserve C˚p´q for

either the normalized simplicial chains in a simplicial set or the simplicial chains in a simplicial

complex, that is, finite linear combinations of oriented simplices.
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2. Modeling the free loop space

We describe an algebraic construction that produces a model for the chains on the free loop

space directly from a suitable chain model of the underlying space.

2.1. Categorical coalgebras. We shall regard the normalized chains on a simplicial set as

a ‘coalgebra with many objects’ through the notion of a categorical coalgebra. Recall that a

categorical coalgebra consists of the following data:

‚ a non-negatively graded flat module C “
À8

i“0Ci,

‚ a linear counital coassociative coproduct ∆: C Ñ C b C of degree 0 (with counit map

ε : C Ñ R) whose set of objects (called set-like elements in [Riv24])

SC :“ tx P C | ∆pxq “ x b x, ϵpxq “ 1u

generates C0; namely the inclusion map SC ãÑ C0 induces an isomorphism RrSCs – C0,

‚ a linear map d : C Ñ C of degree ´1 on C which is a graded coderivation for ∆ and

vanishes on C1, and

‚ a linear map η : C Ñ R of degree ´2, called the curvature, satisfying η ˝ d “ 0 and

d2 “ pη b id´ idb ηq ˝ ∆.(1)

Any categorical coalgebra pC, d,∆, ηq has a natural C0-bicomodule structure (compatible with

d) with structure maps given by

ρr : C
∆
ÝÑ C b C

idbπ0
ÝÝÝÝÑ C b C0 and ρl : C

∆
ÝÑ C b C

π0bid
ÝÝÝÝÑ C0 b C,(2)

where π0 : C Ñ C0 is the natural projection. Categorical coalgebras form a category by defining

a morphism from pC, d,∆, ηq to pC 1, d1,∆1, η1q to consist of a pair f “ pf0, f1q where

(1) f0 : pC,∆q Ñ pC 1,∆1q is a morphism of graded coalgebras

(2) f1 : C Ñ C 1
0 is a C 1

0-bicomodule map of degree ´1

satisfying

f0 ˝ d “ d1 ˝ f0 ` pf1 b f0q ˝ p∆ ´ ∆opq and

η1 ˝ f0 “ η ` f1 ˝ d ` pf1 b f1q ˝ ∆,

where f1 “ ε1 ˝ f1 and ε1 is the counit of C 1. The composition of two morphisms is defined by

pg0, g1q ˝ pf0, f1q “ pg0 ˝ f0, g1 ˝ f0 ` g0 ˝ f1q.

Denote by cCoalgR the category of categorical coalgebras.
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Remark 2.1. The notion of a categorical coalgebra was introduced in [Riv24]. The inspiration

comes from the similar notion of a pointed curved coalgebra, introduced in [HL22] as the Koszul

dual notion to that of a differential graded category over a field. Over a field, a categorical

coalgebra is a particular example of pointed curved coalgebras (but not vice-versa). The main

idea is that curvature must be taken into account in “many-object” (non-augmented) versions

of (dg) Koszul duality. The condition d|C1 “ 0 is equivalent to the projection map π0 : C Ñ C0

being a chain-map, so that the C0-bicomodule structure on C is compatible with d.

2.1.1. Normalized chains. Our main example of a categorical coalgebra is given by a suitable

variation of the differential graded (dg) coalgebra of normalized chains on a simplicial setX. De-

note by C˚pXq “ p
À8

i“0CipXq,∆, δq the dg coalgebra of normalized simplicial chains; namely,

CkpXq “ SpanRpXkq{DpXkq, where DpXkq denotes the submodule of SpanRpXkq generated by

degenerate k-simplices in X,

δ : C˚pXq Ñ C˚´1pXq

is the classical simplicial boundary map defined as the alternating sum of faces, and

∆: C˚pXq Ñ C˚pXq b C˚pXq

the Alexander–Whitney diagonal approximation coproduct defined on any σ P Xn by

∆pσq “

n
ÿ

i“0

σp0, . . . , iq b σpi, . . . nq,

where σp0, . . . , iq and σpi, . . . nq denote the first i-dimensional face and last pn ´ iq-dimensional

face, respectively, of σ.

This construction does not define a categorical coalgebra since δ : C1pXq Ñ C0pXq may not

vanish in general. However, we modify δ as follows. Let e : C˚pXq Ñ R be the 1-cochain induced

by sending non-degenerate 1-simplices to 1R and degenerate 1-simplices to 0. Define

d “ δ ´ pid b e ´ e b idq ˝ ∆(3)

and

η “ pe b eq ˝ ∆ ` e ˝ B.(4)

The map d : C˚pXq Ñ C˚´1pXq does not square to zero in general, but its failure to be a

differential is controlled by the 2-cocycle η in the sense of Eq. (1). Note that η vanishes on

2-simplices with non-degenerate faces. We denote CpXq :“ pC˚pXq, d,∆, ηq. A straightforward

check yields that the assignment X ÞÑ CpXq defines a functor

C : sSet Ñ cCoalgR.

We describe Cp△nq more explicitly for △n P sSet the standard n-simplex. In this case, we have

a canonical basis for the normalized chains C˚p△nq given by non-degenerate simplices of △n.

On any such σ P p△nqj , we have

dpσq “

j´1
ÿ

i“1

p´1qiδipσq,(5)

where δi : p△nqj Ñ p△nqj´1 is the i-th face map. In other words, d is given by removing the

first and last faces from the usual simplicial boundary map. Also note that, in this example,

any non-degenerate 2-simplex has non-degenerate faces, so the curvature term is zero. The

same argument yields that if X is a simplicial set obtained from a simplicial complex through
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a coherent ordering of the vertices of each simplex and adding formal degeneracies (so that all

simplices are uniquely determined by their vertices), then, on any non-degenerate simplex, the

differential of CpXq is also given by Eq. (5).

2.2. Cobar construction. Any categorical coalgebra gives rise to a natural dg category through

a functor

Ω: cCoalgR Ñ dgCatR,

called the cobar construction, which we now recall. Given a categorical coalgebra C “ pC, d,∆, ηq,

the objects of ΩpCq are the elements of SC . For any two a, b P SC define

ΩpCqpa, bq “

8
à

n“0

Ra b ps´1Cqbn b Rb,

where b denotes the cotensor product over the coalgebra C0, for any a P SC , Ra is R equipped

with the C0-bicomodule determined by the inclusion tau ãÑ SC , C :“ C{C0, and ps´1Cqb0 :“

C0. The identity morphism ida at a P SC corresponds to the unit of R through the following

identification

1R P R – Ra – Ra b ps´1Cqb0 b Ra Ď ΩpCqpa, aq0,

and extending this assignment a ÞÑ ida linearly gives us a map

γ : C0 Ñ ΩpCq.

Each differential

dΩC : ΩpCqpa, bq Ñ ΩpCqpa, bq

is induced by the extending the sum d ` ∆ ` η as a derivation with appropriate degree shifts.

The equation

dΩC ˝ dΩC “ 0

is equivalent to the compatibility of d and ∆, the coassociativity of ∆, and the curvature

equation relating η, d, and ∆. The composition of morphisms is given by concatenation of

monomials.

For any simplicial set X, the dg category ΩCpXq has as objects the elements of the set X0

of vertices in X and the chain complex of morphisms ΩCpXqpv, wq between any v, w P X0 is

generated as a graded module by the identity idv when v “ w, together with symbols

tσ1| . . . |σNu, where σi P

8
ď

j“1

Xnd
j with spσ1q “ v, tpσN q “ w, and spσiq “ tpσi´1q for 1 ď i ď N

in homological degree
řN

i“1 dimpσiq ´ N . Above, Xnd
j Ď Xj denotes the set of non-degenerate

j-simplices in X and

s, t :
8
ď

j“1

Xj Ñ X0

denote the first (source) and last (target) vertex maps, respectively. A sequence of simplices

tσ1| . . . |σNu in X satisfying the above conditions is called an open necklace in X from v to w

and the simplices σ1, . . . , σN are called the beads of the (open) necklace.

The cobar construction models the dg category of paths in a space. More precisely, given

any topological space Z, denote by PpZq be the dg category whose objects are the points of

Z and, given v, w P Z we have that PpZqpv, wq :“ S˚pPvÑwZq, the chain complex obtained

by applying the normalized simplicial singular chains functor to the topological space PvÑwZ
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of Moore paths in Z from v to w. Composition is induced by concatenation of paths. This

construction gives rise to a functor

P : Top Ñ dgCatR.

Theorem 2.2. If X is a simplicial set whose homotopy category is a groupoid, then ΩCpXq is

naturally quasi-equivalent to Pp|X|q, the dg category of paths in the geometric realization of X.

We sketch the proof of the above theorem below.

2.2.1. A family of paths associated to an open necklace. We now recall an explicit map realizing

the quasi-equivalence in the above theorem. The main idea, originally due to Adams [Ada56],

is to associate to any open necklace tσ1| . . . |σNu in X a family of paths in |X| from spσ1q to

tpσN q parametrized by a cube of dimension
řN

i“1 dimpσiq ´N , in a way that is compatible with

the cobar differential.

Denoting by v0, v1, . . . , vn the vertices of △n, there is a natural isomorphism of chain com-

plexes

ΩCp△nqpv0, vnq – Cl
˚ pln´1q,

where the right hand side denotes the (normalized) cubical chain complex on the standard

cubical complex structure of the pn ´ 1q-cube. This isomorphism is determined by sending a

sequence tσ1| ¨ ¨ ¨ |σNu P Ωp△nqpv0, vnq0, where σi is a 1-simplex in △n, to the 0-cube (vertex)

in ln´1 determined by the string pε1, . . . , εn´1q where εj “ 1 if vj P tspσ2q, spσ2q, . . . , spσN qu

and εj “ 0 otherwise.

More generally, for any simplicial set X and v, w P X0 there is a cubical set Pl
vÑwX together

with a natural isomorphism

ΩCpXqpv, wq – Cl
˚ pPl

vÑwXq.

The k-cubes in Pl
vÑwX are labeled by open necklaces tσ1| . . . |σNu in X with k “

řN
i“1 dimpσiq´

N , spσ1q “ v, tpσN q “ w; and these cubes are glued according to how open necklaces from v to w

fit together inside X. The boundary of a cube labeled by an open necklace exactly corresponds

to applying the cobar differential dΩC .

The above interpretation of the morphisms in the cobar construction as the cubical chains

on a cubical set may be used to construct a quasi-equivalence of dg categories

aX : ΩCpXq Ñ Pp|X|q

as we now explain. We recall the construction, originally due to Adams, of a continuous map

a : |Pl
vÑwX|l Ñ PvÑw|X|

from the (cubical) geometric realization to the space of continuous paths in the (simplicial)

geometric realization. Parametrize the topological simplex by

△k “ tpt1, . . . , tkq | 0 ď t1 ď ¨ ¨ ¨ ď tk ď 1u Ă Rk

noting that in this parametrization the vertex piq of △k has coordinates p0, . . . , 0
i
, 1, . . . , 1q. We

have a continuous map

q : lk Ñ △k(6)

pr1, . . . , rkq ÞÑ pr1r2 . . . rk, r2r3 . . . rk, . . . , rk´1rk, rkq(7)
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which restricts to a homeomorphism in the interior. Denote

Ek´1 “ tpp1, . . . , pk´1, tq |pp1, . . . , pk´1q P lk´1, 0 ď t ď p

k´1
ÿ

i“1

piq ` 1u Ă Rk.

Define a continuous piecewise affine map Ek´1 Ñ lk by

pp1, . . . , pk´1, tq ÞÑ

$

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

%

p1 ´ t, 1, 1 . . . , 1q, 0 ď t ď p1

p1 ´ p1, 1 ´ t ` p1, 1, . . . , 1q p1 ď t ď p1 ` p2

p1 ´ p1, 1 ´ p2, 1 ´ t ` p1 ` p2, 1, . . . , 1q p1 ` p2 ď t ď p1 ` p2 ` p3

. . . . . .

p1 ´ p1, 1 ´ p2, . . . , 1 ´ t ` p1 ` ¨ ¨ ¨ ` pk´1q
ř

pi ď t ď
ř

pi ` 1

Composing with the map q, we obtain a map Ek´1 Ñ △k which sends

pp1, . . . , pk´1, 0q ÞÑ p1, 1, . . . , 1q “ p0q, pp1, . . . , pk´1, 1 `

k´1
ÿ

i“1

piq ÞÑ p0, 0, . . . , 0q “ pkq.

This associates to any line tpp1, . . . , pk´1, tqu with fixed pp1, . . . , pk´1q and varying t a Moore

path in △k from the vertex p0q to the vertex pkq, giving a continuous map

α : lk´1 Ñ Pp0qÑpkq△k.(8)

The map α induces a map

aX : |Pl
vÑwX|l Ñ PvÑw|X|(9)

as follows. Consider a cube l|σ1|´1 ˆ¨ ¨ ¨ˆl|σN |´1 in the geometric realization |Pl
vÑwX| labeled

by an open necklace tσ1| ¨ ¨ ¨ |σNu in X. On any point u “ pu1, . . . , uN q in this cube (with

ui P l|σi|´1) define

aXpuq “
`

Pσ1 ˝ αpu1q
˘

˚ ¨ ¨ ¨ ˚
`

PσN ˝ αpuN q
˘

,

where Pσ : Pp0qÑpkq△k Ñ PspσqÑtpσq|X| denotes the map on path spaces determined by a simplex

σ P Xk.

Theorem 2.3. If X is a simplicial set whose homotopy category is a groupoid then

aX : |Pl
vÑwX|l Ñ PvÑwp|X|q

is a weak homotopy equivalence.

Proof. The theorem follows by a similar argument as the proof of [RS19, Theorem 1]. In that

reference, X is an arbitrary simplicial set but the construction of Pl involves formally inverting

1-simplices. In the present article, we assume 1-simplices in X are invertible up to homotopy

(i.e., that the homotopy category of X is a groupoid). See also [CHL21, Corollary 4.2]. The

argument is essentially the same and we provide a sketch for completeness.

Without loss of generality, we may assume that X is connected and v “ w so that PvÑvp|X|q

is the space of Moore loops based at v P |X|. The map aX fits into the following commutative
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diagram:

|Pl
vÑvX|l PvÑvp|X|q

|Pl
v X|l Pvp|X|q

|X| |X|

aX

a1
X

id

In the above diagram, Pvp|X|q denotes the contractible space of Moore paths based at v with

free endpoint, |Pl
v X|l is constructed in a similar way to |Pl

vÑwX|l with cubes labeled by

necklaces but removing the condition that the last bead of a necklace must have vertex w as a

target; namely, via necklaces with “free” last vertex. One can then construct a continuous map

a1
X : |Pl

v X|l Ñ Pvp|X|q in a similar way to aX making the top square commute, where the two

top vertical maps are natural inclusions. The space |Pl
v X|l can be shown to be contractible

and, consequently, a1
X is a weak homotopy equivalence. The bottom vertical maps are natural

projections given by evaluating on the free endpoint of a path (interpreted appropriately on the

left vertical map) making the bottom square commute. The sequence of vertical maps in the

right hand side of the diagram define the path fibration with fiber the based loop space. The

sequence of maps on the left hand side define a quasi-fibration as can be checked by applying

the classical Dold-Thom criterion and the assumption that the homotopy category of X is a

groupoid. Passing to long exact sequences on homotopy groups and using the 5-lemma yields

that aX is a weak homotopy equivalence. □

Proof of Theorem 2.2: After passing to chains, the map aX above induces a quasi-isomorphism

avÑw
X : ΩCpXqpv, wq – Cl

˚ pPl
vÑwXq

il
ÝÑ Sl

˚ p|Pl
vÑwX|lq

Sl
˚ paq

ÝÝÝÝÑ Sl
˚ pPvÑwp|X|qq

Sdl
ÝÝÑ S˚pPvÑwp|X|qq,

where il is the natural map from the cubical chains of a cubical set to the singular cubical

chains of its geometric realization, Sl
˚ denotes the (normalized) singular cubical chains functor,

and Sdl a subdivision map from singular cubical chains to singular simplicial singular chains.

All of the maps avÑw
X together determine the desired quasi-equivalence of dg categories

aX : ΩCpXq
»
ÝÑ Pp|X|q.

□

2.3. CoHochschild complex. For any categorical coalgebra C “ pC, dC ,∆, ηq the coHochschild

complex of X is defined as the chain complex

pcoCH˚pCq, Bq :“ C b
Ce

0

ΩC,

where the dg category ΩC is considered as the dg C0-bicomodule
À

v,wPSC
ΩCpv, wq with C0-

coactions induced by the source and target maps. Explicitly, coCHkpCq is generated by mono-

mials x “ x0tx1| . . . |xNu, where

‚ xi P Cni and N ě 0 is a non-negative ,

‚ n0 ě 0 and ni ą 0 for i “ 1, . . . , N ,

‚ n0 ` n1 ` ¨ ¨ ¨ ` nN ´ N “ k, and

‚ x0 b x1 and xN b x0 are elements in the cotensor product C b
C0

C Ă C bR C.
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The differential

B : coCHkpCq Ñ coCHk´1pCq

is defined by

B “ dC b idΩC ` idC b dΩC ` τ,

where

τpx0tx1| . . . |xNuq “ ´ p´1qx
p1q

0 x
p1q

0 tx
p2q

0 |x1| . . . |xNu(10)

` p´1qpx
p1q

0 `1qpx
p2q

0 `
řN

i“1pxi`1qqx
p2q

0 tx1| . . . |xN |x
p1q

0 u(11)

writing ∆pxq “ xp1q b xp2q. This construction gives rise to a functor

coCH˚ : cCoalgR Ñ ChR,

which is homotopical in the following sense: if a morphism f : C Ñ C 1 of a categorical coalgebras

induces a quasi-equivalence of dg categories Ωpfq : ΩpCq Ñ ΩpC 1q, then coCH˚pfq : coCH˚pCq Ñ

coCH˚pC 1q is a quasi-isomorphism of chain complexes. For any simplicial set X, the complex

coCHkpCpXqq is generated by sequences

σ0tσ1| . . . |σNu

of non-degenerate simplices in X, where σ0 is of dimension ě 0, each σi‰0 is of dimension ě 1,

tpσ0q “ spσ1q, tpσiq “ spσi`1q for i “ 1, . . . , N ´1, tpσN q “ spσ0q, and |σ0|`|σ1|`¨ ¨ ¨ |σN |´N “

k. We call a sequence as above a closed necklace in X with beads σ1, . . . , σN and marked bead

σ0.

Theorem 2.4. If X is a simplicial set whose homotopy category is a groupoid, then coCH˚pCpXqq

is naturally quasi-isomorphic to to S˚pL|X|q, the singular chains on the free loop space of the

geometric realization of X.

We sketch the proof of the above theorem at the end of this section.

2.3.1. A family of free loops associated to a closed necklace. As in the case of path spaces, we

may realize the equivalence in Theorem 2.4 by an explicit quasi-isomorphism as we now explain.

The main idea is to associate to any closed necklace σ0tσ1| . . . |σNu in X a family of free loops in

|X|△ parametrized by an appropriate subdivision of a cube of dimension |σ0|`|σ1|`¨ ¨ ¨`|σN |´N

compatible with the coHochschild differential.

For any simplicial set X one may construct an abstract cell complex LiX as follows: for any

closed necklace σ0tσ1| ¨ ¨ ¨ |σNu in X we consider a cell of the form

i|σ0| ˆ l|σ1|`¨¨¨`|σN |´N

where ll denotes the l-cube and ik is a convex polytope coined as the k-freehedron whose

underlying combinatorial type may be obtained by suitably subdividing one of the faces of the

k-cube lk, see [RS18; RT24] ∗. These cells are glued according to how closed necklaces fit inside

X (via simplicial face and degeneracy maps). The crucial property of LiX is that after taking

the corresponding cellular chain complex we exactly obtain the coHochschild complex of the

categorical coalgebra of chains; namely, there is an isomorphism of chain complexes

coCH˚pCpXqq – Ci
˚ pLiXq.

∗This subdivision reflects the fact that for the marked bead of a closed necklace, which is allowed to be of

dimension 0, there is an additional parameter encoding the (varying) basepoint of each loop in the associated

family parametrized by a cube.
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Denote by |LiX|i the topological space obtained by geometrically realizing the abstract free-

hedral complex LiX. The above interpretation of the coHochchild complex as cellular chain

complex may be used to construct a quasi-isomorphism

ℓX : coCH˚pCpXqq Ñ S˚pL|X|q

as follows. Consider the map α : lk´1 Ñ Pp0qÑpkq△k from Eq. (8) and write αpuq : r0, rαpuqs Ñ

△k for any u P lk´1. Define a map

lX : |LiX|i Ñ L|X|(12)

by sending a point p “ pt, u0, u1, . . . , uN q P |LiX|i in a cell i|σ0| ˆl|σ1|´1 ˆ¨ ¨ ¨ˆl|σN |´1 (with

t P l1 and ui P l|σi|´1) labeled by a closed necklace σ0tσ1| ¨ ¨ ¨ |σNu in X to the Moore loop

determined by the concatenation of paths

lXppq “
`

Pσ0˝αpu0q|rrαpu0qt,rαpu0qs

˘

˚
`

Pσ1˝αpu1q
˘

˚¨ ¨ ¨˚
`

PσN ˝αpuN q
˘

˚
`

Pσ0˝αpu0q|r0,rαpu0qts

˘

.

Theorem 2.5. If X is a simplicial set whose homotopy category is a groupoid, then

lX : |LiX|i Ñ L|X|

is a weak homotopy equivalence.

Proof. The proof is analogous to that of Theorem 2.3 but now comparing two quasi-fibrations

modeling the free loop fibration, with the map lX between total spaces, and the map aX between

fibers, see [RS18]. □

Proof of Theorem 2.4: After passing to chains, the map lX above induces the desired quasi-

isomorphism

ℓX : coCH˚pCpXqq – Ci
˚ pLiXq

ii
ÝÑ Si

˚ p|LiX|iq
Si

˚ plq
ÝÝÝÑ Si

˚ pL|X|q
Sdi
ÝÝÑ S˚pL|X|q,

where ii is the natural map from the cellular chains of a freehedral complex to the singular

freehedral chains of its geometric realization, Si
˚ denotes the (normalized) singular freehedral

chains functor, and Sdi a subdivision map from singular freehedral chains to singular simplicial

singular chains (whose existence may be deduced from the Acyclic Models Theorem). □

3. Inverting edges

We describe a convenient way of replacing any simplicial set, up to homotopy equivalence,

by one whose homotopy category is a groupoid. This construction will be used to present the

underlying homotopy type of a triangulated manifold.

Let J be the groupoid with two objects j0 and j1 and exactly two non-identity morphisms

e : j0 Ñ j1 and e´1 : j1 Ñ j0. Consider the simplicial set J “ NervepJq. This is a fibrant

replacement for the standard 1-simplex △1, namely, there is a homotopy equivalence △1 ãÑ J

and J is a Kan complex. We may label the k-simplices of J by binary sequences

pε0 . . . εkq, εi “ 0 or 1,

with nondegenerate simplices corresponding to alternating sequences. Thus there are exactly

two non-degenerate k-simplices for each k. The geometric realization of J is a model for the

contractible infinite dimensional sphere S8. Given a simplicial set X, we invert the 1-simplices
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of X by attaching a copy of J along each 1-simplex. In other words, define a simplicial set rX

by the pushout diagram

p△1qX1 //

��

JX1

��

X
i

// rX.

Proposition 3.1. For any simplicial set X, the homotopy category of rX is a groupoid and

the natural inclusion i : X ãÑ rX is an acyclic cofibration. In particular, the induced map

|i| : |X| ãÑ | rX| is a homotopy equivalence.

Proof. This follows from the fact that △1 ãÑ J is a Kan replacement. □

We now describe an explicit homotopy inverse for |i| : |X| ãÑ | rX|. For each binary sequence

pε0 . . . εkq, define a continuous map fpε0...εkq : △k Ñ △1 given in the coordinates ti by

fpε0...εkqpt1, . . . , tkq “
1

2
p1 `

k
ÿ

i“0

p´1qεipti`1 ´ tiqq,

where we set t0 “ 0, tk`1 “ 1 for convenience of notation. One can check that applying fpε0...εkq

to the simplex in J labeled by pε0 . . . εkq gives a retract f : |J | Ñ △1 to the interval. Putting

all these maps together for each 1-simplex of X gives a natural map

fX : | rX| Ñ |X|.

Proposition 3.2. There is a homotopy making fX a deformation retract for the inclusion

|X| ãÑ | rX|.

Proof. By the definition of rX as obtained from X by gluing copies of J along the 1-skeleton,

it is sufficient to prove this for X “ △1, in which case this homotopy can be constructed

inductively on the dimension of cells by using the homotopy extension property of pairs of CW

complexes. □

We described natural maps

aY : |Pl
vÑwY |l Ñ PvÑwp|Y |q, lY : |LiY |i Ñ Lp|Y |q

for any simplicial set Y in Eq. (9) and Eq. (12), respectively. Take Y “ rX and define

AX : |Pl
vÑw

rX|l Ñ PvÑwp|X|q, LX : |Li
rX|i Ñ Lp|X|q

by composing the maps a
rX
and l

rX
with the maps induced by fX .

Proposition 3.3. The maps AX and LX are weak homotopy equivalences.

Proof. Since the homotopy category of rX is a groupoid, it follows from Theorem 2.3 and Theo-

rem 2.5 that a
rX
and l

rX
are weak homotopy equivalences, respectively. Since the maps induced

by fX at the level of path and loop spaces are homotopy equivalences, the result follows. □

For any simplicial set X we label the new simplices in rX through the identification

xkσ Ñ p

k`1
hkkkikkkj

0101 . . .qσ, ykσ Ñ p

k`1
hkkkikkkj

1010 . . .qσ,
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for any non-degenerate σ P X1. We have x1σ “ σ and, for convenience, we write y1σ “ σ̌. The

underlying graded module of Cp rXq is then given by

C˚pXq ‘
à

σPCnd
1

R ¨ σ̌ ‘
à

kě2

´

R ¨ xkσ ‘ R ¨ ykσ

¯

,

and the Alexander–Whitney coproduct is given on the new basis elements by

∆pσ̌q “ tpσq b σ̌ ` σ̌ b spσq

and

∆pxkσq “ `
ÿ

0ďiďk{2´1

x2i`1
σ b yk´2i´1

σ `
ÿ

1ďiďpk´1q{2

x2iσ b xk´2i
σ

`

$

&

%

spσq b xkσ ` xkσ b tpσq, k odd

spσq b xkσ ` xkσ b spσq, k even

∆pykσq “ ´
ÿ

0ďiďk{2´1

y2i`1
σ b xk´2i´1

σ ´
ÿ

1ďiďpk´1q{2

y2iσ b yk´2i
σ

`

$

&

%

tpσq b ykσ ` ykσ b spσq, k odd

tpσq b ykσ ` ykσ b tpσq, k even.

Note that, when applied to tx2σu and ty2σu, the cobar differential has a non-zero contribution

from the curvature term η defined in Eq. (4) giving

dΩCtx2σu “ tσ|σ̌u ´ idspσq, dΩCty2σu “ ´tσ̌|σu ` idtpσq.

Remark 3.4. In general, the composition of functors coCH˚ ˝C : sSet Ñ ChR does not send weak

homotopy equivalences of simplicial sets to quasi-isomorphisms of chain complexes. However,

the functor coCH˚ ˝C ˝ pr´q, obtained by pre-composing with the above construction, does send

weak homotopy equivalences to quasi-isomorphisms.

4. Constant loops

For any topological space Y , denote by

ρY : Y ãÑ LY

the natural embedding that sends a point y P Y to the constant loop cy : t0u Ñ Y , cyp0q “ y.

This induces a map on homology H˚pρY q : H˚pY q Ñ H˚pLY q. We shall consider any natural

chain-level lift of H˚pρY q to the coHochschild complex as given by the following.

Proposition 4.1. For any simplicial set X, there is a natural chain map

ιX : C˚pXq Ñ coCH˚pCp rXqq,

and a natural chain homotopy between S˚pLfXq ˝ ℓ
rX

˝ ιX and S˚pρ|X|q ˝ i, where i : C˚pXq ãÑ

S˚p|X|q is the natural quasi-isomorphism from simplicial chains to singular chains. In particu-

lar, we have H˚pιXq “ H˚pρ|X|q.

Proof. First define ιX : C0pXq Ñ coCH0pCp rXqq by declaring

ιXpvq :“ v ¨ idv P coCH0pCp rXqq
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for any vertex v P X0. This natural map is well defined on 0-th homology: if σ P X1 is a

1-simplex with spσq “ v and tpσq “ w so that Bpσq “ w ´ v, then setting

ιXpσq :“ σtσ̌u ` vtx2σu ` wty2σu P coCH1pCp rXqq

yields

BpιXpσqq “ w ¨ idw ´ v ¨ idv.

The proposition now follows from the Acyclic Models Theorem of [EM53], since the functors

sSet Ñ ChR determined by X ÞÑ C˚pXq and X ÞÑ coCH˚pCp rXqq are representable and acyclic,

respectively, on the set of standard simplices. □

The method of acyclic models, as applied in the above proof, relies on naturality to determine

ιX from all the maps ι△k . This implies that for any non-degenerate k-simplex σ P Xk, the

coHochschild chain ιXpσq is supported on the single simplex σ; i.e., through the map S˚pLfXq ˝

ℓ
rX
, we may think of ιXpσq as a k-dimensional family of loops in |X| all lying inside the subset

σ Ď |X|.

Definition 4.2. Let X be a simplicial set. The support of an element

c “
ÿ

iPI

ciσi, ci ‰ 0 for all i

in C˚pXq is the subset of |X| given by

Supppcq “
ď

iPI

σi.

We extend this notion to C˚p rXq by setting

Supppxkσq “ Supppykσq “ σ

for all k and non-degenerate σ P X1. We further extend the notion of support to coCH˚pCp rXqq

by setting

Supppz0tz1| ¨ ¨ ¨ |zNuq “

N
ď

i“0

Supppziq Ď |X|,

where zi P C˚p rXq.

The following is immediate from definitions.

Proposition 4.3. For any σ P Xn, SupppιXpσqq “ σ Ď |X|. Furthermore, for any z P

coCH˚pCp rXqq we have that

(1) SupppBzq Ă Supppzq,

(2) the quasi-isomorphism

S˚pLfXq ˝ ℓ
rX
: coCH˚pCp rXqq Ñ S˚pL|X|q

sends z to a chain of loops supported within Supppzq.

For any generator x “ σ0tσ1|σ1| . . . |σNu P coCH˚pCp rXqq, pS˚pLfXq ˝ ℓ
rX

qpxq consists of

certain family of piecewise linear loops contained inside
ŤN

i“0 σi Ă |X|. It will be convenient to

enlarge these cells of loops inside of the loop space.
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Definition 4.4. Given a sequence pσ0, σ1, . . . , σN q of simplices of X such that σi X σi`1 ‰ H

for all 0 ď i ď N ´ 1 and σN Xσ0 ‰ H, define Sσ0,σ1,...,σN to be the subset of L|X| of all Moore

loops pℓ, T q for which there are times

0 ď t1 ď ¨ ¨ ¨ ď tN ď ti`1 “ t0 ď T

such that ℓ|rti,ti`1s is piecewise linear in the ‘cubical coordinates’, that is, the image of a piecewise

linear path under the map q : ldimpσiq Ñ σi given in Eq. (6), and contained in σi for all

0 ď i ď N .

Note that for any generator z “ σ0tσ1|σ1| . . . |σNu P coCH˚pCp rXqq, Sσ0,σ1,...,σN is a con-

tractible subset of L|X| containing all loops in the family determined by pS˚pLfXq ˝ ℓ
rX

qpzq.

4.1. Fineness and locality. It will be important for us to control the locality of supports in

the context of simplicial complexes. For that, we introduce some concepts that will allow us to

quantify the ‘fineness’ of a simplicial complex. We will consider simplicial subcomplexes of a

simplicial complex K, and for ease of notation identify them with their image in the geometric

realization.

Denote by K0 the set of vertices and let v, w P K0. We say that a sequence p “ pσ1, . . . , σN q

of 1-simplices in K links pv, wq if v P σ1, w P σN and σi X σi`1 ‰ ∅ for all i. In that case we

say that this sequence has length lenppq “ N .

Definition 4.5. The diameter of a sub-simplicial complex A Ă K is defined by

diampAq “ max
v,wPA0

min
p links pv,wq

lenppq.

For example, the diameter of a single simplex is zero if it is of dimension zero and one

otherwise.

Definition 4.6. Let m be a positive integer. A simplicial complex K is m-fine if for every sub-

simplicial complex A Ă K with with diampAq ď m we can choose a contractible sub-simplicial

complex ZA containing A in such a way that ZA Ă ZB whenever A Ă B.

Checking the condition above in practice seems to require a lot of guesswork, namely it

requires to specify a ZA for each sub-simplicial complex A Ă K, but it turns out that this

condition can always be satisfied by iterating barycentric subdivisions.

Proposition 4.7. For any simplicial complex K and any positive integer m, there exists a

positive integer k such that the k-times iterated barycentric subdivision Kpkq is m-fine.

Proof. For the first barycentric subdivision K 1 of K, the stars of simplices τ P K 1 satisfy the

property that intersections

Starpτq X Starpτ 1q

are either empty or equal to Starpρq for some ρ P K 1. Let us now take k such that m`1 ď 2k´1.

We argue that any sub-simplicial complex A Ă Kpkq of diameter ď m is contained in the star

of a simplex in K 1. For that, note that a sub-simplicial complex that is not contained inside

of a single star of K 1 must have two vertices that are at distance at least 2k´1 of each other,

and therefore this subset must have diameter ě 2k´1. Conversely every subset Y of diameter

ď 2k´1 ´ 1 is contained inside of some star.

We now take ZA to be the smallest star containing A; this is well-defined since the intersection

of any two stars in K 1 is either empty or a star. Moreover, if A Ă B, ZA X ZB ‰ ∅ so there is
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some simplex ρ P K 1 such that Starpρq “ ZA X ZB, which would contradict minimality unless

ZA Ă ZB. □

Using the notion of support from Definition 4.2, we can quantify the size of generators of the

coHochschild complex.

Definition 4.8. Let K be a simplicial complex, X a simplicial set obtained by any coherent

ordering of the vertices of each simplex of K, and m a positive integer. The chain complex of

m-local coHochschild chains, denoted by

pcoCH˚pCp rXqqqm´loc,

is the sub-chain complex of coCH˚pCp rXqq spanned by the generators whose support in |X| – |K|

have diameter ď m.

By definition, the map ιX from Proposition 4.1 lands within the sub-chain complex of 1-local

coHochschild chains. When K is m-fine, all the sub-chain complexes of m1-local Hochschild

chains, for m1 ď m, are equally good representatives of the locus of constant loops, by the

following proposition.

Proposition 4.9. If K is an m-fine simplicial complex and X is the simplicial set determined

by a coherent ordering of the vertices of K, then the inclusions

ImpιXq Ď pcoCH˚pCp rXqqq1´loc Ď ¨ ¨ ¨ Ď pcoCH˚pCp rXqqqm´loc

are all chain homotopy equivalences.

Proof. We will show a construction of the first chain equivalence, as all the following ones are

constructed similarly. For any 1-fine simplicial complex X we construct a chain homotopy

inverse

g : pcoCH˚pCp rXqqq1´loc Ñ ImpιXq

for the inclusion i : ImpιXq ãÑ pcoCH˚pCp rXqqq1´loc by induction as follows. Choose a collection

of contractible subsimplicial complexes ZA for all sub-simplicial complexes A with diamA ď 1

as above. First define

g0 : ppcoCH˚pCp rXqqq1´locq0 Ñ ImpιXq0

by

g0pvtσ1| . . . |σNuq :“ ιXpvq “ v ¨ idv,

where σ1, . . . , σN P X1 with tpσiq “ spσi`1q for i “ 1, . . . , N ´ 1, and spσ1q “ v “ tpσN q P X0.

This map is well defined on 0-th homology, for if

x “ τ0tτ1| . . . |τMu P ppcoCH˚pCp rXqqq1´locq1

is a generator with Bx “ wtσ1
1| . . . |σ1

N 1u ´ vtσ1| . . . |σNu, we can let g1pxq :“ ιXpτ0q if v ‰ w (in

which case τ0 P rX1) and g1pxq :“ 0 if v “ w (in which case τ0 P rX0q. Then Bg1pxq “ g0pBxq.

Suppose that for a certain k ě 1 we have defined g0, . . . , gk such that Bgi “ gi´1B for all

1 ď i ď k, and gipzq has support inside ZSupppzq for any generator z of degree i. Let

z P ppcoCH˚pCp rXqqq1´locqk`1

be a generator. Then by assumption gkpBzq is a closed element in ImpιXqk with support in-

side ZSupppBzq. Since ZSupppBzq is contractible, there is gk`1pzq P ImpιXqk`1 with support in

ZSupppBzq Ă ZSupppzq such that Bgk`1pzq “ gkpBzq. The construction of the chain homotopies

g ˝ i » id and i ˝ g » id follows a similar argument. □
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As a consequence of Proposition 4.1 and Proposition 4.9, we have the following result.

Corollary 4.10. Suppose K is an m-fine simplicial complex and X as above. Then for any

m1 ď m there is a quasi-isomorphism

coCH˚pCpXqq

pcoCH˚pCpXqqqm1´loc
» S˚pL|X|, |X|;Rq

between the quotient by the m1-local chains and the singular chains on the loop space relative to

the constant loops.

5. Local pairings and controlled topology

The setting for our formalism is a simplicial complex K with a certain local pairing on chains

that is supported sufficiently near the diagonal. We introduce a notion of locality and explain

that the homology intersection pairing on a Poincaré duality complex K can be lifted to a local

pairing on chains if and only if K is a homology manifold, following [Ran99], [Ran90], [McC77],

and [McC79].

5.1. Simplicial complexes with local pairing. By a pairing of degree ´n on a complex V

we shall mean a chain map V b V Ñ R of degree ´n.

Definition 5.1. A local pairing of degree ´n on a simplicial complex K is a map of complexes

of degree ´n

θ : C˚pKq b C˚pKq Ñ R

satisfying θpσ, τq “ 0 if σ X τ “ ∅, in other words, a pairing that vanishes on simplices that do

not overlap.

Note that, via the Alexander–Whitney natural transformation C˚pKˆKq Ñ C˚pKqbC˚pKq

any pairing of degree ´n gives rise to cochain in CnpK ˆ Kq vanishing on pairs of simplices

that do not intersect.

Recall that K is an R-homology n-Poincaré duality complex if there is a fundamental chain

oK P CnpKq, so that the cap product

roKs " ´ : Hn´˚pKq Ñ H˚pKq

is an isomorphism. IfK is a Poincaré duality complex, so is the productKˆK with fundamental

chain given by oKˆK “ EZpoK boKq P C2npKˆKq, where EZ : C˚pKqbC˚pKq Ñ C˚pKˆKq

denotes the Eilenberg-Zilber map.

Definition 5.2. A pairing θ : C˚pKq b C˚pKq Ñ R on an R-homology n-Poincaré duality

complex pK, oKq is nondegenerate if the class

rθs P HnpK ˆ Kq

is Poincaré dual inKˆK to the diagonal fundamental class diag˚proKsq, that is, the pushforward

of roKs along the diagonal map diag : K Ñ K ˆ K.
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5.2. Controlled Poincaré duality and homology manifolds. We now explain how the

results of [McC77] and [Ran99] imply that, for a Poincaré duality complex K, a local non-

degenerate pairing exists if and only if K is a homology manifold. Thus, homology manifolds

provide a vast source of examples of simplicial complexes with local pairings. We start by

recalling the notion of pR,Kq-modules, also called ‘K-based’ or ‘K-controlled’ complexes.

Definition 5.3. The category of pR,Kq-modules has as objects finitely-generated free modules

M endowed with a direct sum decomposition

M “
à

σPK

Mσ

and as morphisms linear maps M Ñ N satisfying

fpMσq Ă
à

τěσ

Nτ .

In other words, the maps are usual linear maps but with the restriction that the elements

supported on σ can ‘spread to bigger simplices’ immediately next to it, that is, have image

supported in simplices τ whose closure contains σ.

Using the definition above, one straightforwardly defines (co)chain complexes of pR,Kq-

modules, morphisms and homotopies etc. by demanding all maps to be pR,Kq-module mor-

phisms.

Remark 5.4. The simplicial cochain complex C˚pKq is naturally a complex of pR,Kq-modules,

since the cochain differential sends cochains supported on σ to cochains supported on simplices

τ whose boundary contains σ, that is, satisfying τ ě σ. On the other hand, the simplicial chain

complex together with the obvious direct sum decomposition is not, since the maps go in the

wrong direction.

Consider the barycentric subdivision K 1 of K. By definition, its k-simplices are labeled by

strictly increasing sequences

pσ0 ă σ1 ă ¨ ¨ ¨ ă σkq

of simplices of K. For any σ P K, let us denote by

Dpσq “ tpσ0 ă ¨ ¨ ¨ ă σkq | σ ď σ0u

the dual cell of σ, which is the union of the cells labeled by a sequence starting with σ. The

following fact just follows from the form of the differential on chains on K 1.

Proposition 5.5. The chain complex M “ C˚pK 1q, endowed with the decomposition Mσ “

C˚pDpσqq, is a chain complex of pR,Kq-modules.

Let oK P CnpKq be any simplicial chain. We recall the ‘Flexner cap product’ [Fle40], which

is a chain-level alternative to the more commonly known Whitney cap product, see [McC79]

and [Ran92, Example 4.13]. Given any two simplices σ and τ in K, we write rσ : τ s for the

incidence number, that is, the coefficient ˘1 of σ in δτ if σ ă τ of codimension one, and zero

otherwise. The Flexner cap product is then the map

p´ "
F

´q : C˚pKq b C˚pKq Ñ C˚pK 1q

given on generators by

σ "
F

τ_ “
ÿ

tσďσ0ă¨¨¨ăσkďτu

rσ0 : σ1s . . . rσk´1 : σkspσ0 ă ¨ ¨ ¨ ă σkq.
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Note that the terms with nonzero coefficient in this sum must have k “ dimpτq ´ dimpσq. Note

that by definition, for any chain c P CkpKq,

´ "
F

c : Ck´˚pKq Ñ C˚pK 1q

is a map of complexes of pR,Kq-modules.

To relate this cap product to the more conventional Whitney cap product, we can follow the

latter by subdivision, which also gives a map

C˚pKq
´"c
ÝÝÝÑ Ck´˚pKq

sd
ÝÑ Cn´˚pK 1q.

Note that sd ˝ p´ " cq is not necessarily a map of complexes of pR,Kq-modules, since it does

not satisfy the required locality condition. Nevertheless, these operations are equivalent by a

local homotopy.

Proposition 5.6. For any chain c P CkpKq, the maps "
F

c and sd ˝ p´ " cq are 1-local

homotopic, that is, related by a homotopy

h : Ck´˚pKq Ñ C˚`1pKq

such that hpτ_q is supported on simplices σ such that σ X τ ‰ ∅.

Proof. Follows from the same proof as in [McC79, Section 5], keeping track of locality. □

The following definition is due to Ranicki.

Definition 5.7. The chain oK is a K-controlled fundamental chain if the map

´ "
F

oK : Cn´˚pKq Ñ C˚pK 1q

is a chain equivalence of pR,Kq-modules.

In other words, we ask that the inverse maps and homotopies which compose the data of

a chain equivalence be maps of pR,Kq-modules, instead of just requiring them to be graded

linear. We now paraphrase [Ran99, Proposition 6.11].

Theorem 5.8. Let pK, roKsq be any R-homology n-Poincaré duality complex. Then oK is a

K-controlled fundamental chain if and only if the class U P HnpK ˆ Kq that is Poincaré dual

to ∆˚proKsq has zero image in HnppK ˆ Kq ´ ∆pKqq.

If these equivalent conditions hold, then the geometric realization |K| is an R-homology

manifold, in the sense that for any point x P |K| we have

H˚p|K|, |K| ´ x;Rq –

$

&

%

R if ˚ “ n,

0 otherwise,

in other words, its link is an R-homology pn ´ 1q-sphere.

We now relate this notion to our earlier notion of local pairing.

Proposition 5.9. Let pK, roKsq be a R-homology n-Poincaré duality complex, such that K is

1-fine. Then K has a nondegenerate local pairing in the sense of Definition 5.2 if and only if

oK is an K-controlled fundamental chain.
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Proof. For the ‘if’ direction, when oK is an K-controlled fundamental chain, by definition there

is a map of complexes

f : C˚pK 1q Ñ Cn´˚pKq

and a map

h : C˚pK 1q Ñ C˚`1pK 1q

which is a homotopy between f ˝ p´ "
F

oKq and the identity. The fact that f is a map pR,Kq-

modules implies that the element

θ : C˚pK 1q b Cn´˚pKq Ñ R

that is adjoint to it is a local pairing, and the fact that h is a map of graded pR,Kq-modules

implies that θ is nondegenerate and that it is a 1-local homotopy.

For the ‘only if’ direction, suppose that we have a nondegenerate local pairing θ. Since K is

1-fine, the set

NK “ tpσ, τq | σ X τ ‰ ∅u,

seen as a subset of K ˆ K, is a neighborhood for the diagonal, and the restriction map

H˚ppK ˆ Kq ´ ∆pKqq Ñ H˚ppK ˆ Kq ´ NKq

is an isomorphism. So we pick θ1 homologous to θ in the former group, and by Theorem 5.8 we

conclude that oK is a K-controlled fundamental chain. □

6. Homotopy pairings on categorical coalgebras

In this section, we describe the notion of a homotopy pairing on a categorical coalgebra,

which consists of a pairing together with higher homomotopies controlling compatibilities with

the underlying coassociative coproduct. We work over an arbitrary commutative ring R. Similar

constructions and results are obtained over the rationals in [TZ07b]. Let C be a categorical

coalgebra and consider the graded module

Hom˚
Ce

0bCe
0
pC b C,ΩC b ΩCq “

ź

a,b,c,dPSC

Hom˚
RpCpa, bq b Cpc, dq,ΩCpa, dq b ΩCpc, bqq.

For any φ P Hom˚
Ce

0bCe
0
pC b C,ΩC b ΩCq and x b y P C b C we write

φpx, yq “
ÿ

β

φpx, yq1
β b φpx, yq2

β “ φpx, yq1 b φpx, yq2 P ΩC b ΩC.

We equip Hom˚
Ce

0bCe
0
pC b C,ΩC b ΩCq with the differential given by

pdφqpx, yq “dΩCbΩCpφpx, yqq ´ p´1qφ φpdCbCpx, yqq

´ p´1qφx
p1q

txp1quφpxp2q, yq1 b φpxp2q, yq2

` p´1qx
p2qy`xp1q`y`φφpxp1q, yq1 b φpxp1q, yq2txp2qu(13)

` p´1qφpx,yp1qq2yp2q`φpx,yp1qq1

φpx, yp1qq1typ2qu b φpx, yp1qq2

´ p´1qy
p1qyp2q`φpx,yp2qq2yp1q`φpx,yp2qq1

φpx, yp2qq1 b typ1quφpx, yp2qq
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where dCbC “ dC b idC ` idC b dC , dΩCbΩC is defined similarly, and the composition rule in

ΩC is just given by juxtaposition. We may graphically represent this differential by

dφ “ ˘ φd ` φ d

˘ φ

d

˘ φ

d

˘ φ

∆

˘ φ

∆

˘ φ

∆

˘ φ

∆

where the C inputs are top and bottom, and the ΩC outputs and left and right, in those orders,

and we omit the signs.

Definition 6.1. A homotopy pairing of degree ´n on a categorical coalgebra C is an element

α P Homn
Ce

0bCe
0
pC b C,ΩC b ΩCq

such that dα “ 0.

Remark 6.2. A homotopy pairing is a coalgebraic version of a 2-truncated pre-Calabi-Yau al-

gebra in the language of [KTV25] or of a V2-algebra, that is, an A8-algebra with invariant and

symmetric homotopy co-inner product, in the language of [TZ07a]. We note that there is no

non-degeneracy condition in the definition of a homotopy pairing. The signs in Eq. (13) can

be obtained by translating the signs for pre-Calabi–Yau elements to the context of categorical

coalgebras used here.

Example 6.3. Suppose A is a finite-dimensional dg connected associative algebra over a field k

equipped with a non-degenerate degree ´n pairing x´,´y : A b A Ñ k. By non-degeneracy,

the induced map ρ : A Ñ HomkpA, kq, given by ρpaq “ x´, ay, is an isomorphism of degree ´n.

Furthermore, let us suppose that the following two compatibility equations hold

xab, cy “ xa, bcy and xa, bcy “ p´1qcpa`bqxca, by.(14)

When A is unital, the equations above imply that the pairing is symmetric. Since A is finite

dimensional as a k-vector space, the linear dual of the product of A makes C “ HomkpA, kq

into a dg connected coassociative coalgebra, and thus ΩC is a dg associative algebra. The map

α : C b C
ρ´1bρ´1

ÝÝÝÝÝÝÑ A b A
x´,´y
ÝÝÝÝÑ k – k b k ãÑ ΩC b ΩC
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is an example of a homotopy pairing on C, since the compatibility relations in Eq. (14) imply

that dα “ 0. This example includes symmetric Frobenius algebras and also the Poincaré duality

Q-algebra models of [LS08] for simply connected closed oriented manifolds.

We now fix a simplicial set X obtained by a coherent ordering of the vertices in each simplex

of an underlying 1-fine finite connected simplicial complex. Let σ and τ be two simplices of

X such that σ X τ ‰ ∅, and let v, w be any pair of vertices of σ, τ , respectively. There is a

distinguished class

rpv,ws P H0pΩCp rXqpv, wqq,

which can be represented by any simplicial path between v and w in σYτ . This class is uniquely

defined and depends only on v and w, and not on σ and τ , because of the assumption that X

is 1-fine.

We now show that any local pairing θ on the underlying simplicial complex can be lifted to

a local homotopy pairing. We first lift the pairing to Cp rXq by setting

rθpσ̌, zq “ ´θpσ, zq, rθpσ̌, τ̌q “ θpσ, τq, rθpxkσ, zq “ rθpykσ, zq “ 0

for any σ, τ P X1, k ě 2 and z P Cp rXq.

Theorem 6.4. Given any local pairing θ on the underlying simplicial complex of X, there is a

homotopy pairing

α : Cp rXq b Cp rXq Ñ ΩCp rXq b ΩCp rXq

such that following conditions hold for simplices σ and τ in rX:

(1) if σ X τ “ H, then αpσ, τq “ 0,

(2) decomposing αpσ, τq “
ř

aPI αpσ, τq1
abαpσ, τq2

a as a sum of simple tensors of generators,

we have

Supppαpσ, τq1
aq Y Supppαpσ, τq2

aq Ă σ Y τ,

and

(3) if dimpσq ` dimpτq “ n, then

rαpσ, τqs “ rθpσ, τq ¨ rpspσq,tpτq b pspτq,tpσqs.

Proof. We produce α using an inductive argument on the sum of dimensions of the inputs. This

argument has two special cases in the beginning, at degrees n and n ` 1, and then continues

inductively. Note that we must have αpσ, τq “ 0 if that sum is smaller than n, by degree reasons.

So we start the process with all pairs σ, τ such that dimpσq ` dimpτq “ n. If σ X τ “ ∅, we set

αpσ, τq “ 0, and otherwise, we pick any paths

pspσq,tpτq P ΩCp rXqpspσq, tpτqq, pspτq,tpσq P ΩCp rXqpspτq, tpσqq

in σ Y τ and set

αpσ, τq “ rθpσ, τq ¨
`

pspσq,tpτq b pspτq,tpσq

˘

P ΩCp rXqpspσq, tpτqq b ΩCp rXqpspτq, tpσqq.
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Going one dimension up, given any pair of simplices with dimpσq ` dimpτq “ n ` 1, in order

for α to be closed we need to find a value for αpσ, τq satisfying

d
ΩCp rXqbΩCp rXq

pαpσ, τqq “ ` p´1qn αpdCbCpσ, τqq

` p´1qnσ
p1q

tσp1quαpσp2q, τq1 b αpσp2q, τq2

` p´1qσ
p2qτ`σp1q`τ`n`1αpσp1q, τq1 b αpσp1q, τq2tσp2qu(15)

` p´1qαpσ,τ p1qq2τ p2q`αpσ,τ p1qq1`1αpσ, τ p1qq1tτ p2qu b αpσ, τ p1qq2

` p´1qτ
p1qτ p2q`αpσ,τ p2qq2τ p1q`αpσ,τ p2qq1

αpσ, τ p2qq1 b tτ p1quαpσ, τ p2qq.

It suffices to show that the homology class of the right-hand side is zero in H0pΩCp rXqbΩCp rXqq.

For that, let us write it explicitly, for σ “ pv0, . . . , vpq, τ “ pw0, . . . , wqq, with p` q “ n` 1. We

note that there are pp ´ 1q ` pq ´ 1q terms coming from the internal differential, and only four

nontrivial terms involving the coproduct. Multiplying by an overall sign we have

p´1qnd
ΩCp rXqbΩCp rXq

pαpσ, τqq “ `

p´1
ÿ

i“1

p´1qiαpv0, . . . , pvi, . . . , vp, w0, . . . , wqq

`

p´1
ÿ

j“1

p´1qp`jαpv0, . . . , vp, w0, . . . , xwj , . . . , wqq

` tv0, v1uαpv1, . . . , vp, w0, . . . , wqq1 b αpv1, . . . , vp, w0, . . . , wqq2

` p´1qp αpv0, . . . , vp´1, w0, . . . , wqq1 b αpv0, . . . , vp´1, w0, . . . , wqq2tvp´1, vpu

` p´1qp`q αpv0, . . . , vp, w0, . . . , wq´1q1twq´1, wqu b αpv0, . . . , vp, w0, . . . , wq´1q2

` p´1qp αpv0, . . . , vp, w1, . . . , wqq1 b tw0, w1uαpv0, . . . , vp, w1, . . . , wqq2.

We see that each term in the right-hand side represents a multiple of the same class

rpspσq,tpτqs b rpspτq,tpσqs.

They correspond, with correct signs, to the terms appearing in the expression for

rθ ˝ pδ b id` idbδqpσ, τq,

with δ being the usual differential on normalized chains (and not the modified differential).

Since rθ is compatible with the differential, the right-hand side represents the zeroth homology

class and is exact.

We then proceed inductively on the total dimension. For dimpσq ` dimpτq “ N ě n ` 2, the

right-hand side of Eq. (15) is a closed element of degree N ´ n ´ 1 and represents a homology

class of that degree in the path space of σ Y τ . By 1-fineness, this space is contractible so we

pick αpσ, τq to be any primitive with support contained in σ Y τ . □

Any homotopy pairing on Cp rXq satisfying (1) and (2) in Theorem 6.4 will be called a local

homotopy pairing. If it satfies (3) we will say it lifts the pairing θ. When constructing α above,

choices were made at each inductive step. Nevertheless, the cohomology class of α only depends

on that of θ.

Proposition 6.5. The cohomology class

rαs P Hn
`

Hom˚

Cp rXqe0bCp rXqe0
pCp rXq b Cp rXq,ΩCp rXq b ΩCp rXqq, d

˘
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is independent of the choices made in the proof of Theorem 6.4 and only depends on the coho-

mology class rθs P HnpX ˆ Xq.

Proof. Let θ1, θ2 be two local pairings representing same cohomology class, and α1, α2 obtained

by applying the inductive argument to them, respectively, using any intermediate choices. We

can use the same inductive argument (over the total input degree) to construct a homotopy

between α1, α2, that is, a map of graded modules

β : Cp rXq b Cp rXq Ñ ΩCp rXq b ΩCp rXq

of degree n ´ 1 such that dβ “ α1 ´ α2. □

7. Modeling the loop product and coproduct

In this section we give explicit formulae for the algebraic models of the loop product and

coproduct operations. Suppose that C is any categorical coalgebra and

α P Homn
Ce

0bCe
0
pC b C,ΩC b ΩCq,

a homotopy pairing. The example to have in mind is C “ Cp rXq and α arising from an intersec-

tion pairing. For simplicity, we denote the generators of the coHochschild complex coCH˚pCq

by pc, aq where c P C and a P ΩC.

7.1. The algebraic loop product.

Definition 7.1. The algebraic loop product µα associated to pC,αq is the map of degree ´n

µα : coCH˚pCq b coCH˚pCq Ñ coCH˚pCq

given by

µα

`

pc1, a1q b pc2, a2q
˘

“ p´1qs
`

c
p2q

1 , a1 ¨ αpc
p1q

1 , c2q1 ¨ a2 ¨ αpc
p1q

1 , c2q2
˘

,

where the sign is given p´1qn times the Koszul sign taking into account the degree of the

operation α, explicitly

s “ n ` c
p1q

1 c
p2q

1 ` c
p1q

1 a1 ` nc
p2q

1 ` na1 ` a2 αpc
p1q

1 , c2q2.

We may express the algebraic loop product by the following diagram

α

∆

In the diagram above, the red lines carry C factors, the black lines carry ΩC factors, the dots

are composition in ΩC, the crossed circles are inputs, and the empty circles are outputs. We

choose the left crossed circle to be the first input.
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Proposition 7.2. For any homotopy pairing α on C the algebraic loop product µα is a chain

map. In particular, any homotopy pairing of degree ´n on Cp rXq gives a product of degree ´n

on H˚pL|X|q.

Proof. Follows immediately from the definition of the differential of Hom˚
Ce

0bCe
0
pCbC,ΩCbΩCq,

and from the fact that the differential on ΩC is a derivation for its composition map. □

7.2. The algebraic loop coproduct. In order to define our algebraic model for the loop

coproduct we start by introducing a degree `1 algebraic analogue of the 1-parameter family of

maps that “split” or “cut” a path at all possible times.

7.2.1. The scanning map. Consider the dg R-module ΩC “
À

v,wPSC
ΩCpv, wq equipped with

the C0-bicomodule structure given by the source and target maps. Consider the graded R-

module

ΩC b C b ΩC,

where the cotensor product b is taken over C0, endowed with the differential

Bpa b c b bq “ dΩCa b c b b ` p´1qaa b dCc b b ` p´1qa`c`1a b c b dΩCb

p´1qaatcp1qu b cp2q b b ` p´1q|a|`|cp1q|`1a b cp1q b tcp2qub.

In the case C “ Cp rXq, we may use the maps from Cp rXq and ΩCp rXq to singular chains on path

spaces, for any v, w P X0 we get a quasi-isomorphism

vpΩCp rXq b Cp rXq b ΩCp rXqqw
„
ÝÑ S˚pP ˚

v,w|X|q,

where the target denotes the the singular chains on the marked path space, i.e., the space

of paths from v to w in X together with a distinguished point along the path, and the left

hand side is equipped with the differential B defined above. If σ P Cp rXq this map sends

a b σ b b P vpΩCp rXq b Cp rXq b ΩCp rXqqw to a family of marked paths in |X| from v “ spaq to

w “ tpbq of dimension |a| ` |σ| ` |b| with marked points lying inside σ Ă |X|.

Definition 7.3. The scanning map

s : ΩC Ñ ΩC b C b ΩC

is the degree `1 map of graded modules given by

sptc1| . . . |cNuq “ γpρlpc1q1q b ρlpc1q2 b tc2| . . . |cNu

`

N´1
ÿ

i“2

p´1qc1`¨¨¨`ci´1`i´1tc1| . . . |ci´1u b ci b tci`1| . . . |cNu

` p´1qc1`¨¨¨`cN tc1| . . . |cN´1u b ρrpcN q1 b γpρrpcN q2q,

where as before ρl : C Ñ C0 b C and ρr : C Ñ C b C0 are the C0-bicomodule structure maps

and γ : C0 Ñ ΩC sends each a P SpCq to its identity morphism.

The scanning map is a chain homotopy between two chain maps determined by the C0-

bicomodule structure of ΩC given by the source and target maps as stated in the following

proposition.
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Proposition 7.4. The scanning map fails to be a chain map by an error term given by

dpsptc1| . . . |cNuqq ` spdptc1| . . . |cNuqq “ γpρlpρlpc1q1q1q b ρlpρlpc1q1q2 b tρlpc1q2| . . . |cNu

˘ tc1| . . . |ρrpcN q1u b ρrpρrpcnq2q1 b γpρrpρrpcnq2q2q,

for any tc1| . . . |cNu P ΩC.

Proof. This is checked by direct computation. □

When interpreted in terms of path spaces, the scanning map may be thought of a chain

homotopy between two chain maps induced by the continuous maps

P |X| Ñ |X| ˆ P |X| and P |X| Ñ P |X| ˆ X

given by pγ, T q ÞÑ pγp0q, pγ, T qq and pγ, T q ÞÑ ppγ, T q, γpT qq, respectively. We write

spaq “ sla b sca b sra

for the scanning map. Since the coproduct ∆ of C is coassociative, there is no ambiguity in

using Sweedler’s notation to write

∆2pcq :“ p∆ b idqp∆pcqq “ pidb∆qp∆pcqq “ cpp1qq b cpp2qq b cpp3qq.

Definition 7.5. The algebraic loop coproduct associated to pC,αq is the map of degree 1 ´ n

λα : coCH˚pCq Ñ coCH˚pCq b coCH˚pCq

given by

λαpc, aq “ ˘

´

cpp3qq, sla αpcpp2qq, scaq2
¯

b

´

cpp1qq, αpcpp2qq, scaq1 sra
¯

where the sign is given by p´1qn`c times the Koszul sign, taking into account the degrees of α

and s and starting from the order α, s, c, a.

We may express the algebraic loop coproduct by the following diagram

α

∆2

s

where we used the same conventions as in the diagram for the product, and the outputs are

read with the right-hand side one first. This operation does not give a chain map since s fails

to be a chain map, but we can control this failure.

Proposition 7.6. The algebraic loop coproduct satisfies the following equation.

pB b 1 ` 1 b Bqλαpc0tc1| . . . |cNuq ´ p´1qn´1λαpBpc0tc1| . . . |cNuqq “

˘

´

c
pp3qq

0 , αpc
pp2qq

0 , ρlpc1q1q2
¯

b

´

c
pp1qq

0 , αpc
pp2qq

0 , ρlpc1q1q1 tρlpc1q2| . . . |cNu

¯

˘

´

c
pp3qq

0 , tc1| . . . |ρrpcN q1u αpc
pp2qq

0 , ρrpcN q2q2
¯

b

´

c
pp1qq

0 , αpc
pp2qq

0 , ρrpcN q2
¯

.

Proof. Follows from a direct computation using Proposition 7.4. □
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Proposition 7.7. Suppose X is a simplicial set obtained from a 1-fine simplicial complex and

α is a local homotopy pairing on C “ Cp rXq. Then the algebraic loop coproduct associated to

pC, αq induces a chain map

λα :
coCH˚pCq

pcoCH˚pCqq1´loc
Ñ

coCH˚pCq b coCH˚pCq

pcoCH˚pCqq1´loc b coCH˚pCq ` coCH˚pCq b pcoCH˚pCqq1´loc

of degree 1 ´ n. Consequently, when R is a field, λα defines a coproduct of degree 1 ´ n on

H˚pL|X|, |X|q.

Proof. In other words, the proposition above says that λα becomes a chain map when composed

to the canonical map to the quotient of the target, which then factors through the quotient of

the source; we will prove these claims sequentially. For the first claim, we apply the formula

of Proposition 7.6 to the generator pc, aq “ σ0tσ1| . . . |σNu. Observing the right-hand side, by

locality of α, we conclude that the first factor of the first term and the second factor of the

second term have support contained in σ0, so the right-hand side belongs to

pcoCH˚pCqq1´loc b coCH˚pCq ` coCH˚pCq b pcoCH˚pCqq1´loc.

As for the second claim, if the support of a is contained in some simplex σ, then, by locality

of α, so are both the left and right outputs, and all the terms in the right-hand side of the

equation in Proposition 7.6 are tensors of 1-local elements. □

7.3. Comparison. We will now compare the algebraic loop product and coproduct to the

geometrically-defined Chas–Sullivan product and Goresky–Hingston coproduct, in the case

where the simplicial complex K comes from a triangulated closed oriented smooth manifold

and its local pairing θ comes from a Thom cochain.

7.3.1. Recap of definitions. Let pM, gq be a smooth n-dimensional Riemannian manifold and K

a 2-fine simplicial complex (Definition 4.6) given by a triangulation of M . For ease of notation

we will identify simplices of K with their image as a subset of M . We consider the diagonal

M Ă M ˆ M and its neighborhoods

Nϵ “ tpp, p1q P M ˆ M | distgpp, p1q ď ϵu,

for ϵ ą 0 much smaller than the injectivity radius. The following is straightforward to check.

Proposition 7.8. For a small enough ϵ ą 0, the neighborhood Nϵ of the diagonal is contained

in the subset
ď

σXτ‰∅
σ ˆ τ,

where σ and τ are simplices of K.

The choice of auxiliary metric g and parameter ϵ defines a geodesic ‘connecting’ map

ϖg,ϵ : Nϵ Ñ PM

to the path space of M , by taking a pair of points that are at most ϵ-close to the unique geodesic

of length ď ϵ connecting them. This construction is used to create intersections geometrically to

define the loop product and coproduct in [NRW23, Section 2]. We will use a modification of this

map that will be compatible with our combinatorial models. The following statement follows

from the piecewise-linear approximation of smooth paths and the regularity of the neighborhood

of submanifolds, in this case, M Ă M ˆ M .
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Proposition 7.9. There is a homotopy between the map ϖg,ϵ and a map

ϖpl : Nϵ Ñ PM

such that, for any pp, p1q P Nϵ, the path ϖplpx, yq is piecewise linear for the cubical coordinates

and contained in σ Y σ1, where σ and σ1 are any two simplices of K respectively containing p

and p1 with σ X σ1 ‰ ∅.

We can thus replace the geodesic connecting map used in the definitions of the loop product

and coproduct by the corresponding maps defined by ϖpl instead, obtaining chain-equivalent

operations. Given any cochain

τ P SnpM ˆ M, pM ˆ Mq ´ Mq » SnpTM, TM ´ Mq

representing the Thom class of M , we obtain a chain level representative for the Chas–Sullivan

product of degree ´n

µCS : S˚pLMq b S˚pLMq Ñ S˚pLMq,

and the Goresky–Hingston coproduct of degree p1 ´ nq

λGH :
S˚pLMq

S˚pMq
Ñ

S˚pLMq b S˚pLMq

S˚pMq b S˚pLMq ` S˚pLMq b S˚pMq
.

Let us describe in more detail how our versions of these operations are defined, appropriately

modifying [NRW23, Definitions 2.1, 2.2]. For the Chas–Sullivan product, one considers pullback

squares

Figp8q
� � //

��

Vϵ

��

� � // LM ˆ LM

ev0ˆev0
��

M �
�

// Nϵ
� � // M ˆ M

Note that the locus over the diagonal M consists of pairs of loops with the same base-point,

hence the name ‘figure eight’. We write

θCS “ pev0 ˆ ev0q˚τ P SnpLM ˆ LM, pLM ˆ LMq ´ Figp8qq

for the pullback of the Thom cochain. We have a natural map

S˚pVϵ, Vϵ ´ Figp8qq Ñ S˚pLM ˆ LM, pLM ˆ LMq ´ Figp8qq,

which is a chain equivalence by excision. By standard arguments, a chain homotopy inverse

e : S˚pLM ˆ LM, pLM ˆ LMq ´ Figp8qq Ñ S˚pVϵ, Vϵ ´ Figp8qq

can be defined by using barycentric subdivision. By picking such an inverse, we guarantee that

if c is a chain consisting of pairs of piecewise-linear loops supported in a sequence of simplices,

that is, supported in a product of the cells of Definition 4.4, then so is epcq. We use the

piecewise-linear connecting map ϖpl to define a joining map

join: Vϵ Ñ LM,

which also has the property of preserving piecewise linearity. The chain-level Chas–Sullivan

product is then the map µCS of degree ´n given by the composition

S˚pLMq b S˚pLMq Ñ S˚pLM ˆ LMq Ñ S˚pLM ˆ LM, pLM ˆ LMq ´ Figp8qq Ñ

e
ÝÑ S˚pVϵ, Vϵ ´ Figp8qq

p´1qnθCSX
ÝÝÝÝÝÝÝÑ S˚pVϵq

S˚join
ÝÝÝÝÑ S˚pLMq,

noting that we twisted by a sign p´1qn when capping with the Thom cochain.
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As for the Goresky–Hingston coproduct, consider the space

E :“ tppγ, T q, tq P LM ˆ R | 0 ď t ď T u Ă LM ˆ R

and the map

ev : E Ñ M ˆ M

defined by

evpppγ, T q, tqq “ pγp0q, γptqq.

We then construct the pullbacks

Figp8q1 �
�

//

��

Wϵ

��

� � // E

ev

��

M �
�

// Nϵ
� � // M ˆ M

and let θGH “ ev˚τ . We have a degree `1 map

m : S˚pLMq Ñ S˚pEq

that can be explicitly constructed through a simplicial subdivision of the prisms △k ˆ△1. This

is not a chain map, but rather has boundary contained in the locus

F :“ tppγ, T q, tq P E | t “ 0, T u Ă E.

Using again the piecewise-linear connecting map ϖpl we define a cutting map

cut : Wϵ Ñ LM ˆ LM,

which also preserves piecewise linearity. The Goresky–Hingston coproduct is then the map λGH

of degree 1 ´ n given by the composition of chain maps

S˚pLM,Mq
m
ÝÑ S˚pE,F q Ñ S˚pE,F Y pE ´ Figp8q1qq

e1

ÝÑ S˚pWϵ, F Y pWϵ ´ Figp8q1qq Ñ

p´1qnθGHX
ÝÝÝÝÝÝÝÑ S˚pWϵ, F q

S˚cut
ÝÝÝÑ S˚pLM ˆ LM, pM ˆ LMq Y pLM ˆ Mqq,

where again e1 is an excision map defined using barycentric subdivision. Note that, by con-

struction, the maps µCS and λGH preserve piecewise linearity.

Remark 7.10. In [HW23, Appendix B], there is a discussion about signs for the intersection

product. We here take the perspective that the operations that those authors denote px, yq ÞÑ

x ‚Th y and px, yq ÞÑ x ‚P y should be seen as morphisms from different source complexes.

Namely, the ‘Thom product’ comes from a degree ´n chain map

pS˚pMq b S˚pMq, δ b 1 ` 1 b δq Ñ pS˚pMq, δq,

where the source has the usual differential on the tensor product, while the ‘Poincaré product’

does not necessarily. Instead, it should be thought of as the map on homology induced by a

degree ´n chain map

pS˚pMq b S˚pMq, δ b 1 ` p´1qx1 b δq Ñ pS˚pMq, δq,

where x denotes the first input. It seems better for us to only deal with one type of binary

operation, writing instead

mThpx, yq :“ x ‚Th y and mPpx, yq :“ p´1qnpx ‚P y
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and including the degree of the symbols m... whenever signs are created by the Koszul rule. In

that notation, the relation between these products becomes simply

mThpx, yq “ p´1qnmPpx, yq.

Therefore, by including the factor p´1qn in our geometric definitions of µCS, λGH, we get the

Poincaré versions of the Chas–Sullivan product and Goresky–Hingston coproduct, respectively

denoted ^ and _ in op.cit., but seen as chain maps for the usual differential on the tensor

product.

We let K be a 1-fine simplicial complex obtained from a triangulation of M and denote by

θ : C˚pKq b C˚pKq Ñ R

the pairing of degree ´n on the given by mapping to singular chains on M and evaluating

against the Thom cochain τ ; this is a nondegenerate local pairing, in the sense of Definition 5.2.

Picking any coherent ordering defines a simplicial set X, and the pairing then gives rise to a

local homotopy pairing α on Cp rXq, canonically defined up to an exact term, by Theorem 6.4

and Proposition 6.5. This defines the associated algebraic loop product µα and algebraic loop

coproduct λα.

7.3.2. Comparison of products. We now compare the algebraic loop product µα on coCH˚pCp rXqq

with the Chas–Sullivan product on S˚pLMq, using the quasi-isomorphism

q :“ S˚pLfXq ˝ ℓ
rX
: coCH˚pCp rXqq Ñ S˚pL|X|q – S˚pLMq.

Theorem 7.11. The following square of complexes commutes up to chain homotopy

coCH˚pCp rXqq b coCH˚pCp rXqq
µα
//

qbq

��

coCH˚pCp rXqq

q

��

S˚pLMq b S˚pLMq
µCS

// S˚pLMq.

Proof. We will start by assuming that our choice of Thom cochain τ vanishes on degenerate

singular chains, that is, chains that factor through simplices of lower dimension; this can be

always guaranteed by shifting by an exact term. We then construct the desired homotopy h

inductively on the total degree of the inputs, starting with the base case in the first nontrivial

degree (when the sum of the degrees of the two inputs is n.) Let

x b y “ σ0tσ1| . . . |σru b τ0tτ1| . . . |τsu P coCH˚pCp rXqq b coCH˚pCp rXqq

be a generator. There are two mutually exclusive possibilities:

(1) dimpσ0q`dimpτ0q ă n, in which case the image of this input under µα vanishes for degree

reasons, and its image under q b q is degenerate so µCS vanishes on it by assumption.

In this case both sides are zero and we need no homotopies.

(2) dimpσ0q ` dimpτ0q “ n, in which case the image of this input under both maps q ˝ µα

and µCS ˝ pq b qq is a linear combination of piecewise-linear loops with total multiplicity

θpσ0, τ0q, the former by the characterization of α in Theorem 6.4, together with the

computation of the Koszul sign in Definition 7.1, and the latter by construction of the

Chas–Sullivan product. So they both represent the same class in the zeroth homology

group of the cell in LM specified in Definition 4.4 by the sequence of simplices

σ0, σ1, . . . , σr, σ0, τ0, τ1, . . . , τs, τ0
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and therefore we can pick hpx, yq to be given by any null-homology of their difference

that is contained in that same cell.

We can then proceed degree by degree inductively, since at each step the equation to be satisfied

by hpx, yq is of the form dhpx, yq “ z where z is a closed element of strictly positive degree and

with support contained inside one of the contractible cells we defined in LM , so we can pick

any primitive of that chain contained inside the same cell. □

Taking homology, we immediately obtain the following.

Corollary 7.12. The homology loop product induced by µα is equivalent to the Chas–Sullivan

product on LM under the isomorphism coHH˚pCp rXqq – H˚pLMq.

7.3.3. Comparison of coproducts. We keep the same pM,K,X, θ, αq as above, and let us assume

that X is 3-fine. Throughout this subsection, for simplicity of notation, we write C “ Cp rXq.

We shall compare the algebraic coproduct λα on an appropriate quotient of coCH˚pCq with the

Goresky–Hingston coproduct on S˚pLM,Mq.

Recall that in our model for the free loop space in terms of the coHochschild complex we

proved that we can replace constant loops by any small enough thickening, in this case up to

3-local chains. We now describe a similar thickening of the constant loops inside singular chains

in LM , which will be convenient for writing the comparison of the coproducts. Let us denote

by

S˚pLMq3´loc “
ÿ

Z

S˚pL|Z|q Ă S˚pLMq,

where Z ranges over all closed simplicial subcomplexes ofK with diameter ď 3. This subcomplex

contains qpcoCH˚pCq3´locq since q is support-preserving.

Proposition 7.13. The inclusion qpcoCH˚pCq3´locq Ă S˚pLMq3´loc is a quasi-isomorphism,

and this latter is preserved by the chain-level Goresky–Hingston coproduct, in the sense that

λGH pS˚pLMq3´locq Ă S˚pLMq3´loc b S˚pLMq3´loc.

Proof. The first statement follows from the same argument as we used in the proof of Propo-

sition 4.9. As for the second statement, it follows directly from our definition of the Goresky–

Hingston coproduct. □

Together with Proposition 4.9, this implies that the Goresky–Hingston coproduct factors

through the quotient by this larger complex, in other words there is a bottom map completing

the square

S˚pLMq

S˚pMq

��

//
S˚pLMq b S˚pLMq

S˚pMq b S˚pLMq ` S˚pLMq b S˚pMq

��

S˚pLMq

S˚pLMq3´loc

//
S˚pLMq b S˚pLMq

S˚pLMq3´loc b S˚pLMq ` S˚pLMq b S˚pLMq3´loc
,

whose vertical maps are quasi-isomorphisms. Therefore we can use this bottom map, which we

also call λGH, when writing the comparison.
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Theorem 7.14. The following square of complexes commutes up to chain homotopy

coCH˚pCq

coCH˚pCq3´loc

��

λα
//

coCH˚pCq b coCH˚pCq

pcoCH˚pCqq3´loc b coCH˚pCq ` coCH˚pCq b pcoCH˚pCqq3´loc

��

S˚pLMq

S˚pLMq3´loc

λGH
//

S˚pLMq b S˚pLMq

S˚pLMq3´loc b S˚pLMq ` S˚pLMq b S˚pLMq3´loc
.

Proof. This proof will be similar to the proof of Theorem 7.11, but with the added complication

that it becomes necessary to keep track of the supports of different terms in the outputs of the

two maps, in order to make the contractibility part of the argument work. For each generator

x “ σ0tσ1| . . . |σru of coCH˚pCq, we underline factors whose support touches σ0. That is, we

underline σ0 and all the other σi such that σ0 X σi ‰ ∅ obtaining a symbol of the form

σ0 tσ1| . . . |σi |σi`1| . . . |σj |σj`1| . . . |σk|σk`1| . . . |σl|σl`1| . . . |σru,

for example. We look at groups of contiguous underlines, remembering that the lines ‘wrap

around’; for example, the above element has two contiguous underlines. Note that there is

always one such underline containing σ0.

We first note that if all the σi are underlined, then all of these simplices are supported at

distance one from σ0 so there is a path of length ď 3 between any two vertices in the support.

Thus this generator is in coCH˚pCq3´loc and maps to zero in the quotient. Likewise, if there is

exactly one contiguous group, the one containing σ0, then the output of both maps is zero in

the quotient, since at least one of the loops in each tensor is 3-local.

To complete the proof, we must specify the value of the homotopy on inputs that have

two or more contiguous underlines. We will do so inductively while using the data of these

underlines to strengthen the inductive hypothesis, in the following way. Let us suppose that,

besides the group containing σ0, there are N contiguous underlines, with N groups of underlined

simplices σis , σis`1, . . . , σjs´1, σjs , where s “ 0, . . . , N and is, js are the appropriate pair of

indices delimiting the contiguous underline. In each such group labeled by some s, since all

simplices are adjacent to σ0, their union has diameter ď 3 and therefore by assumption there

is a contractible simplicial subcomplex Zs containing them.

We use these contractible subcomplexes to define cells of piecewise-linear loops by taking

unions of cells of the form defined by Definition 4.4. For each s let us denote

S1
s “

ď

τPZs

Spσ0, σ1, . . . , σis´1, τq, S2
s “

ď

τPZs

Spσ0, τ, σjs`1, . . . , σrq.

These are contractible subsets of LM , since each Zs is contractible. Since the underlined sim-

plices are exactly the ones on which αpσ0,´q can evaluate non-trivially, it follows immediately

from the definition of the algebraic loop coproduct that we then have a decomposition

λαpxq “

N
ÿ

s“1

λα,spxq,

modulo terms in pcoCH˚pCqq3´loc b coCH˚pCq ` coCH˚pCq b pcoCH˚pCqq3´loc, where we can

decompose each term as a sum of simple tensors of generators

λα,Zspxq “
ÿ

aPI

y1
s,a b y2

s,a,
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with Supppy1
s,aq Ă S1

s and Supppy2
s,aq Ă S2

s . Note that we can ignore the terms that come from

the contiguous underline containing σ0, since they are automatically in

pcoCH˚pCqq3´loc b coCH˚pCq ` coCH˚pCq b pcoCH˚pCqq3´loc.

The analogous decomposition exists for the Goresky–Hingston coproduct. To see this, using

the notation we used in Section 7.3.1, we look at the singular chain

y “ e1 ˝ m ˝ qpσ0tσ1| . . . |σruq P S˚pWϵ, F Y pWϵ ´ Figp8q1qq

and pick any representative ŷ P S˚pWϵq. We note that if pγ, tq is in the support of ŷ and t ‰ 0, 1,

then we know that the loop γ traverses σ0, σ1, . . . , σr in sequence, with origin in σ0, and that

the point γptq is in the support of one of the underlined simplices, since it is ϵ-close to the

origin and we chose ϵ to satisfy Proposition 7.8. Thus, due to the manner in which we defined

λGH, using the piecewise-linear connecting map, and since the excision map e1 was defined by

barycentric subdivision, we have a decomposition

λGH ˝ qpxq “

N
ÿ

s“1

λGH,spxq,

modulo terms in S˚pLMq3´loc b S˚pLMq ` S˚pLMq b S˚pLMq3´loc, where again we can de-

compose

λGH,spσ0tσ1| . . . |σruq “
ÿ

aPI

z1
s,a b z2

s,a

with Supppz1
s,aq Ă S1

s and Supppz2
s,aq Ă S2

s . We are now ready to run our induction with a

strengthened statement. We will prove that there is a homotopy h between pq b qq ˝ λα and

λGH ˝ q satisfying the following locality condition. For any generator x as above, we have a

similar decomposition for the homotopy

hpxq “

N
ÿ

s“1

hspxq,

with hspxq “
ř

c h
1
s,cpxq bh2

s,cpxq where Suppph1
s,cpxqq Ă S1

s, Suppph2
s,cpxqq Ă S2

s , whose terms

satisfy

dphspxqq `

N
ÿ

s“1

hspdxq|S1
sˆS2

s
“ λα,spxq ´ λGH,s.

The notation p´q|S1
sˆS2

s
indicates all the terms given by a tensor of factors with support in

S1
s, S

2
s , respectively.

To say this in words, by construction of the cells Ss, each of the cells on which some term

in hspdxq has support sits inside of one of the cells S0, . . . , SN ; there may be multiple of them

for each s. The statement above means that the decomposition h “
ř

hs separates h into a

homotopy in each one of those cells.

Now that we formulated this strengthened induction hypothesis, we can run our argument,

staring with an input with x as above with degree pn ´ 1q. There are two possibilities:

(1) there exists exactly one i among 1, . . . , r such that dimpσ0q ` dimpσiq “ n, or

(2) dimpσ0q “ n ´ 1 and all the σ1, . . . , σr are 1-simplices.

In case (1), both λα and λGH are nontrivial only when σi X σ0 ‰ ∅, in which case they both

have output supported S1
s ˆ S2

s for a single such s, the one corresponding to the contiguous

underline containing σi. Moreover, calculating the sign in the algebraic coproduct we find that

both outputs represent the same class rθpσ0, σiqˆrloop in S1
ssˆrloop in S2

s s, so by contractibility
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of the cells S1
s and S2

s we can find a homotopy also contained in their product. The argument

for case (2) is similar, except that there may be multiple indices s on whose corresponding cells

the expressions for λα and λGH, and consequently the homotopy, have support. The induction

can then be run just as we have done in the proof of Theorem 7.11, using contractibility of the

cells S1
s, S

2
s at each stage. □

Passing to homology we immediately obtain the following.

Corollary 7.15. Under the isomorphism H˚ pcoCH˚pCq{pcoCH˚pCqq3´locq – H˚pLM,Mq, the

algebraic loop coproduct corresponds to the Goresky–Hingston coproduct.
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